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1 Introduction

Integration is used to find the area of a region bounded by a lines and curves. To find the area we just integrate the equation of
the line or curve with the necessary limits!

b
f equation
a

For example, if we want to find the blue area under the line of y = 2x between x =0 and x =4:

y y
y=2x y=2x
. x . " x
We simply integrate the equation 2x and use the limits 0 and 4 since the blue shaded region corresponds to these values on the
X axis.
4
f 2xdx
0

Now we can work out this integral easily by integrating (recall that the rule is to add one to the power and divide by this to
integrate) and plugging in the limits. We don’t need the +c when we have limits (see integration basic rules notes if you
struggle with this).

Let’s verify this, since we know this is just the area of a triangle = % X base X height= % (4)(8) =16

The answers match!

remember that integration s just
the reverse of differentiation:

Integrates to

2x  x’+c

Differentiates to

The fact that 2x integrates to x2 can also be verified by calculating the area under the line y = 2x

y

We know the area of a triangle is % X base X height

Area = % X base X height = i (x)(2x) = x? (29

height = 2x

Which we know is correct since when we integrate 2x we get x2. So, it should be clear that integration is the same notion as
finding any area. All we have to do is set up the integral with the correct limits and integrate!
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You may be wondering, why do we need integration then if we can just work out the areas using our familiar formulae for areas of
shapes? Curves will not always be nice shapes such as triangles, squares, circles, rectangles, trapezium etc that we have names and
formulae for. Integration can help us find the area of any shape!

Consider the following example. The diagram above shows the graph of a function for 0 < x < 12. The pink shaded parts of the
graph show

e AregionR for 0 < x < 2 which is a quarter circle of radius 2 with centre at the origin.

e Aregion S for 2 < x < 8 which is a semicircle with diameter 6.

v

)
®
%)

We can find the pink shaded area R by working out the area of a quarter circle with radius 4 and the pink shaded region S by
working out the area of a semi-circle with radius 3. However, we cannot find the yellow shaded area without integrating the
equation of the curve. This is why we need integration!

If you understand the section below and your integration techniques are already good, then this should be an easy topic!
2 How To Solve All Types Of Questions

2.1 One Curve — One Shaded Area

As already mentioned, integrating a curve equation gives us the area between the curve and the x axis between the points on the
x axis a and b.

b
f (curve equation) dx
a

f(x)

What about if the curve is under the x axis?

f®
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We will get a negative answer which just tells us it is underneath. We take the positive version as our area answer.

Consider a curve with equation y = 4 + 3x — x2. Find the exact value of the area bounded by the curve and the x axis.

Let’s graph this since we aren’t given the graph

/]

In order to find the x intercepts (and hence the integral limits) we sety = 0
44+3x—x2=0
1+x)(4—-x)=0
x=-1,x=4
These are our limits for our integral

4
(4 + 3x — x¥)dx
-1

34? @°
3

2 2 3

= (4(4) + 3CUE_ (_1)3)

)

The diagram below shows a sketch of part of the curve with equation y = 2x3 — 17x? + 40x
.“

The curve has a minimum turning point at x = k. The region R, is bounded by the curve, the x axis and the line with
equation x = k. Show that the area of R is ?

y =2x3—17x? + 40x

d
& _ 6x? —34x + 40
dx

d
we need the value of k for our upper limit of the integral. This is a min point and hence where d—z =0

(see differentation if you struggle with this)

Whend—y=0,
dx
6x?>—34x+40=0
3x2—17x+20 =10
(x—4)(Bx—-5)=0
x=4—,x=§
k=4
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~ " 4 20(4)2 -0 =22

2
Area= f:(Zx3 —17x? + 40x) dx = [362—4 - %xs + 20x2] = 42—4 .
0

2.2 One Curve — Two Or More Shaded Areas

When we have more than one shaded region, we have to deal with region separately and hence we will have two separate
integrals.

f®

fabf(x)dx + J:f(x)dx

Note: fbcf(x)dx will be negative, so we need to use the positive version of this to get the total area

So, really we should write,

Lbf(x)dx + J:f(x)dx

Where the | | means take the positive version

1
The diagram shows the curve C with equation y= 10x(xz — 2).
Y

The curve starts at the origin and crosses the x axis at the point (4,0). The area shown shaded consists of
two finite regions and is bounded by the curve C, the x axis and the line x=9. Find the total area of the
shaded region

9

4 1 1
f 10x (x? — 2) dx + f 10x (xf — 2) dx
0 4
=432+ 194

=226
Note: We use 32 and not —32 since the area must be positive
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2.3 Two Curves — Finding The Area BETWEEN Two Curves

We are no longer finding the area between the curve and the x axis. Instead we are finding the area between two curves (or a line
and a curve).

f(®

/ 2 b \y(x)

[P geodx — [° Fedx=[(g() — f(0)dx

Notice how the limits are now the intersection points, not the values on the x axis.

Why is this formula true?

. gives the orange area . gives the pink area

f(®) f()

/ L N SN

If we subtract the pink area from the orange area we get the green area

’ - =["(g(x) = f(x))dx

a a
So you can remember between two curves as
b
j (top curve — bottom curve)dx
a

Remember the simplify top curve — bottom curve if possible first before integrating

What about if we have a line and a curve such as:

b

J2 geodx — [° Fedx=[(g() — f(0)dx
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Why is this formula true?

gives the orange area.
f(x)

g9(x)

gives the pink area

f(®

g(x)

If we subtract the pink area from the orange area we get the green area

- or

The line with equation y = 3x + 20 cuts the curve with equation y = x% + 6x + 10 at the points A and B

)

The shaded finite region is bounded by the line and the curve and is shown in the diagram.

Use calculus to find the exact shaded area

We need the intersection points first 3x + 20 = x2 + 6x + 10

x> +3x—-10=0
x+5x-2)=0
x=-5x=2

Way 1:

Area= f;(top curve)dx — f;(bottom curve)dx
J2,(3x +20)dx — [*,(x* + 6x + 10)dx

This can just be combined as one integral

fz ((3x +20) — (x% + 6x + 10))dx
=

Simplify the integral
J2,(3x +20 — x* — 6x — 10)dx

343 _

2
Jo (=x* = 3x + 10)dx = —

6

571
6

Way 2:

We can also do it as area of trapezium — area of curve

/

- ff curve dx

This should make sense since it is saying the whole
area — (area under bottom curve) which gives us the
pink shaded area.

So here, instead of integrating the line we can just use
the fact that we know the area of a trapezium instead
and not need to integrate the line f(x)

= areaof

Area of trapezium

We need the y coordinates first for the points A and B
x=2:y=302)+20=260ry =(2)2+6(2)+

10 =26

x=-59y=3(-5)+20=5 ory =(=5)?+
6(-5)+10=5

Area = %(26+5)(7) =2

2
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W _ (2 vt _3m_ 1
. Jo,(x* + 6x + 10)dx = . - =—_=57-

The sketch below shows the curves y = x2and y = x3 — 4x + 4

0

i Find the coordinates of points of intersection of A, B and C
ii. Find the shaded region trapped between the 2 curves

x?>=x3—4x+4
x3—x?—4x+4=0
x-2)x+2)(x—1)=0
x=-2,1.2

Need to substitute these intoy = x2or y = x3 —4x + 4
x=-2:y=(-2)??=4
x=1Ly=(1)>2*=1
x=2:y=(2)=4
(-2,4),(1,1),(2,4)

fl [(x3 —4x + 4) — x%]dx + fz[xz — (x3 —4x +4)]dx
0 1

1 2
f (x3 —x% —4x + 4)dx + f (—=x3 + x% + 4x — 4)dx
= 1

—45+ 7 71
T4 127 6
) (w“‘
0 - / X
£ 7. -13)
L

The diagram shows a part of the curve C with equation y = x3 — 10x2 + 27x — 23
The point P(5, —13) lies on C. The line L is tangent to C at P

i verify that [ meets C again on the y axis
The region R, shown shaded, is bounded by the curve C and the line [

ii. Use algebraic integration to find the exact area of R
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d
D _ 3x2 _ 20% + 27
dx

When x = 5:

L = 3x = (5)2 —20(5) + 27 = 2

2 = 3x = (5)2 —20(5) +27 =

We can find the equation of the tangent passing through the point (5,13) with gradient 2

y—13=2(x—-5)
y=2x—23

When x = 0: y = (0)% — 10(0)? + 27(0) — 23 = —23
(0, —23) also passes through the line y = 2x — 23 so C meets [ again on the y axis

5
f ((® —10x? + 27x — 23) — (2x — 23))dx
0

5
f (x® — 10x2 + 25x)dx
0

[x4 10x3 25352]5
4 0

3 T2
5¢ 10(5)%  25(5)2
<T_ 3 T2 >_(O)
625
12

2.4  Two Curves — Finding An Area Which Is NOT Between

We can either have :
an area that is not completely contained between two curves (or a line and a curve). For this we find the entire area with

1.

the x axis and subtract the part that we don’t need

an area that is formed by two different curves (or by a different line and curve). For this we find two separate areas and

add them together

Let’s look at an example of 1. first

f()

j{:ﬁg(x)dx - jbcf(x)dx

Why is this formula true?

c

gives the orange area (entire area) ) gives the pink area (part we don’t’ need)
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fx)

f®

If we subtract the pink area from the orange area we get the green area
Cc c Cc [
- = j gx)dx — | f(x)dx
b

a b a

Notice that the line forms a triangle, so we could have instead done:

b

Now let’s look at an example for 2. The area from a to b is given by the straight line and the area from b to c is given by the curve.

f(®)

b C

g(x)dx

f)dx + j
b

a

Take notice of how you need the x coordinate of maximum point for limit b.

Why is this formula true?

f(:” f(x)dx gives the blue area b gives the pink area

f(®)

f®
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If we add the pink area to the blue area we get the green area

c b

b c
f f(x)dx + = f(x)dx—l—f g(x)dx
a a b

b

Notice that the line forms a triangle, so we could have instead done:

ff fx)dx +

The diagram above shows a sketch of part of the curve with equation y = x3 — 8x2 + 20x. The curve has
stationary points at A and B. The line through B parallel to the y axis meets the x axis at the point N. The region

R shown is bounded by the curve, the x axis and the line from A to N.

Calculate the exact area of R

y =x3 —8x% + 20x

d
& 3x2 —16x+20
dx
3x2 — 162 +20 =0
1o,
x==,

A(2,16). We need this coordinate since we need y for the height of the triangle later.

foz(x3 — 8x2 + 20x)dx + area of triangle

2 1,10
f (x3 — 8x2 + 20x)dx +§(? - 2) (16)
0

68+32_100

33 3

2.5 About The Y Axis

Careful when finding the area about the y axis (so far we have just found the area about the x axis). We are normally
given the function as y in terms of x. We now we need to do 2 things differently.

re-arrange to get x in terms for y for f(y) part

use y limits not x. This means if you’re not given the y limits and x instead, you will need to plug x limits in

to find what y should be
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a

b

fa %f(y)dy

2
The curve C, as shown, represents the graph of y = %

[0}

The points A and B on the curve C have x coordinates 5 and 10 respectively. The finite region R is enclosed
by C, the y axis and the lines through A and B parallel to the x axis. Use integration to find the area of R.

We need the function in terms of y instead with y limits since we want the area about the y axis

Firstly, we change the limits to be y:

x=5:y=§—§=1
x=10y=—2=4

Now let’s re-arrange the function to be in the formy = ---:
2 1
y=%$x2 =./25y = x = 5y2

So we get

t 1 70
f Syzdy = —
a 3

3 Why Integration Gives The Area

Let’s say we wanted to find the pink area under the curve below.
34

A

y=f

) D
This is not a familiar shape that we know the area of, but we can turn it into lots of familiar shapes. We do this by cutting lots of
vertical slices perpendicular to the x axis (like cutting a watermelon or an apple)
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These slices create lots of rectangles. Each rectangle is very thin and hence we say has width Ax (Ax can open be seen as 6x
instead, so don’t get confused if your teachers uses a different notation). The two notations are used in maths to denote
something very tiny). So, each strip is a rectangle with thickness Ax.

g

Rectangles have an area of base times height

This means that we can say that:
AA = (Base)(height) = Ax X h=Axh
where AA is small change in amount of area (we use the delta notation since the strip makes a small contribution to the total area)

The equation of the curve gives the height function, so we can replace the height with f(x) ory

y=f0)

T > *+ 1 "

So instead of writing AA = Ax h, we can write
AA = Ax f(x)
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The sum of the areas of all these rectangles gives the total area of the shape, so to get the area of the shape, we want to add up
the area of all the rectangles between the x coordinates of a and b.

f(x)I + f(X)I + f(x)I + f(x)I -
Ax Ax Ax Ax

You might be thinking that this is a lot of adding, but thankfully there is a shortcut! Somehow an integral appears and saves us. Let’s see
how.

we have already shown that /A = f(x)Ax

Total area =sum of areas of all the strips
We use the symbol ) to mean sum

So, Zg=a AN = Z:lz:a f(x)Ax

To make the approximation more accurate we must let the thickness of each strip become very small indeed, that is we let Ax —
0. The smaller we make the widths of these strips, §x, the more rectangles we can fit in and hence the more accurate the area will
be. We write this as

r

Let’s see this with a picture before we discuss it more formally:

y
3slices Y A
y y=fx)
3
A 1 Ax gets even smaller
"x - Srlr.la ' so, we can say Ax — 0
<
more slices —
=
b X
X W >
b s a b
(- / —|— \
Ax dx

Look at how making the width Ax

smaller gives a more accurate answer

We could add the areas of these The widths of the slices approach

rectangles to find the area, but as zero and the answer now
we can see, we will not get a very approaches the true answer. Notice
accurate answer how we write dx instead of Ax now

to mean the slices are approaching
zero width (we can no longer even
see any rectangles as they as so tiny



Integration — Finding Areas

© MyMathsCloud

To denote that the thickness of the strips has become very small we write

b
> faax
x=a
Why did we apply the to the sum? The notation Alimo means that we consider what happens to the expression following it as
X—

Ax — 0 gets smaller and smaller. This is known as the limit of a sum. If the limit exists we write this formally as an integral:

fbf(x) dx

Thus, we have defined an integral as the limit of a sum, so

lim zb:f(x)Ax = fbf(x) dx

Ax—0

Don’t get too caught up with the confusing notation above. All you really need to remember to be good at this topic is the formula

b ) . . . .
fa f(x) dx and that to find area under a curve for function f(x), integrate the function between the correct limits!

Struggling to remember the formula? It may help to have this in mind:
b b b b
f dA = Area of rectanges = f (height of rectangle) (width of rectangle) = f hdx = f f(x)dx
a a a a

Note: we can also find the area the y axis and our formula becomes

fﬂwm

where a and b are the y limits now instead of x and f(y) is the original equation rearranged for x in terms of y for
See Riemann Sums worksheet for more detail on this!

The diagram shows a sketch of the curve with equation y = /x
v ‘
A y=x

@)

The point P(x,y) lies on the curve
The rectangle shown shaded has height y and width dx

Calculate lim Y3_,vx 8x
85x—0

This just means f: Vxdx

29 39
gqxﬂ&&=ﬁ&M=ﬁﬁM=F]=Fﬂ=%ﬁ—a&=ﬁ
X—
4

3 3
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4 Summaries

If we just had straight lines we could use our familiar formulae for triangles, rectangles, trapezium etc to find areas,
but now we have curves and we don’t know the areas of the shapes, so we need integration to help us! If we have
familiar shapes and know a formula for their area we would not bother to integrate! Integrating horizontal lines gives
us the area of familiar rectangles or squares and diagonal lines gives us area of familiar triangles or trapezia. But we

don’t have this luxury anymore with curves!

4.1 About The X Axis

Integration on a curve finds you the AREA between the curve and the x axis.
[ curve equation = the area between the curve and the x axis

The area under a curve between two points can be found by doing a definite integral between the two points (i.e. by putting in limits we can
specify the certain region that we want). So, to find the area under the curve y = f(x) between x = a and x = b, we integrate y =
f(x) between the limits of a and b.

Area:f;:ab f(x)dx = f;:: ydx = f;:: (y in terms of x) dx

Areas under the x-axis will come out negative and areas above the x-axis will be positive.

Note: You are not always given the limits or curve/line equations: you might need to find the x intercepts or use
geometry/calculus to get line or curve equation

4.1.1 Between Curve And X Axis

flx)
(x) & flx)

a b a b 7 b' c

Area:f:f(x)dx Area=— f:f(x)dx We have to do 2 separate integrals here. This
question is a combination of the 2 types on the
Why? Really we are doing Wh&l”? Really we are doing , left .
Area:f: top dx — fab bottom dx Area=[ 'top dx — [ bottom dx Area={ f(x)dx + — [/ f(x)dx
b b b b
= J. f(x)dx — J. 0dx = J. 0dx— J. f(x) dx Note: If just integrating we wouldn’t put the —,
a a a a . . ear
b _ P but finding areas we want both to be positive so
= fa f(x)dx - fa JGa)cks we put the negative to make the negative
o . integral positive. Alternatively we can just find
Note: [fJUSt integrating generally we both integrals and take the positive versions of
wouldn’t put the —, but we want areas any negative answers and add our answers
to be positive, so we put the negative together
to make the integral positive, since
integrals under the x axis are negative Similarly for 2 different curves, we must do the
bOR integrals separately with the different curves
we can just do fa f(x)dx and take the )
positive version of our negative answer — =

An integral for underneath an axis
gives a negative answer. If want area
give positive answer, if want value of 5 i .

a \

f(x)

integral only give negative answer

THE MOMENT YOU GET A NEGATIVE
VALUE AFTER YOU SPEND 3 HOURS
INTEGRATING AN AREA

a b
Area=[" g(x)dx + [ f(x)dx
(notice how we needed the intersection point a)

Page 16 of 20



Integration — Finding Areas

© MyMathsCloud

4.1.2 Between Two Curves

Think every time you integrate it gives you the area between that line/curve and the axis. So when finding area between two curves
you first find the area under the top curve/line between the curve and the axis and then you need to take away the area under the
bottom part between the bottom line/curve and axis to get the enclosed part

The area is completely contained between the two curves. It doesn’t have to be “one directly on top of the other, like

1

as
There is a slight slant, but the area is still contained between the curves. Need to find intersections for the limits now.

The fastest way to do this is

f top curve — f bottom curve

This can be combined as one integral

f(top curve — bottom curve)

See ***IMPORTANT*** below for the alternate way of dealing with these

Here we need to find the intersection points of the curves first since our limits are no longer the x intercepts!
Note: you might need to solve simultaneously to get intersections if not given or use geometry/calculus to get line or curve equation
if not given that

f(x)

o)
9 )
1) \
a b o b
Area:fabf(x)dx — f:g(x)dx This often confuses students for some
This can be combined as 1 integral reason. It is exactly the same as the This is the same except we have to do 2
b example on the left. The area is still separate integrals since the top curve
J. [f(x) — g()]dx contained between 2 curves and it is changes in both regions
a . .
Why do we do [ top curve — [ bottom curve ? dtear WhA_Chh'Zthe t:p End bottl:om - a
curve which doesn’t change the whole
fabf(x)dx finds the area between the curve f(x) time & J. [g(x) — f()]dx
and the x axis which is all of the pink shaded region b
below b +J. [f (x) — g(x)]dx
fabg(x)dx finds the blue shaded region below. J. f (%) — g(x)]dx “
a

Subtracting these answers will give us the purple
region above that we want.

1)

b

a b

*¥*¥|MPORTANT***

Any time straight lines are involved we can use a combination of known areas of shapes such as triangles, rectangles and trapezia to save time
when finding areas. As mentioned earlier, if we have familiar shapes and know a formula for their area why bother to integrate! Integrating
horizontal lines gives us the area of rectangles or squares and diagonal lines gives us area of triangles or trapezia.

eg. 1

Page 17 of 20



Integration — Finding Areas

© MyMathsCloud

Way 1:
This can be done in the same way as the types above:

Area:fab(top curve)dx — f:(bottom curve)dx

J:Jf(x)dx - J;bg(x)dx

This can just be combined as one integral

b
[ ¢ - g@wnax

Way 2:
We can also do it as area of trapezium — area of curve =

/

b
areaof —— - [ g(x)dx

This should make sense since it is saying the whole area —
(area under bottom curve) which gives us the purple shaded
area.

So here, instead of integrating the line we can just use the
fact that we know the area of a trapezium instead and not
need to integrate the line f(x)

eg.2
g(x)
f(x)
5 o
Way 1: Way 1:
we do this as foaf(x)dx + f:g(x)dx foaf(x)dx + Area of
Take note of the limits and which curves they correspond to!
So here, instead of integrating the line we can just use the
fact that we know the area of a triangle instead and not need
to ACTUALLY integrate the line
eg.3

In this example doing top — bottom would not work as we want a region left out. We need to use triangles to help us or integrate the line
instead. This example is good as it really tests if you understand which regions integrating actually finds us.

f(x)

Way 1:
we do this as f:g(x)dx - fbcf(x)dx

Take note of the limits and which curves they correspond to!

c
area of = [, f(x)dx
So here, instead of integrating the line we can just use the
fact that we know the area of a triangle instead and not need
to actually integrate the line

eg. 4

In this example doing top — bottom would not work as we want a region left out. We need to use triangles to help us or integrate the line.
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Way 1: Way 2:
isas [* f(x)dx — [° g(x)dx

we dothisas [ f(x)dx — ['g

Take note of the limits and which curves they correspond to!

area of fobf(x)dx — Area of

Have a go at the following 4 examples. You should now be able to set up the integrals for all of them if you’ve understood the above well

1(x),

alx)

a | c\ / a

4.2 About The Y Axis

What happens when you want the area between the curve and the y axis instead? We don’t always have to use the x axis
The only difference is that we now have y limits instead and the function is in terms of y. Think of turning your page around so the y axis
looks the same as the x axis did

So, to find the area under the curve x= f () between y= a and y= b, we integrate x= f(y) between the limits of @ and b.

Lo foydy = 7 x dy

() T )

\,M P

/ a\

b
b f f)dy b c
- [ reay g - [roray+ [ roray
a b
This is negative for the same reason that ¢
under x axis means negative
If 2 separate regions:
9y

f(x)

0 - b\

x=a

Area about x axis=[_ " g(x)dx + f;::f(x)dx
Area about y axis:f;':oc[f(y) - gdy
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4.3 Formulae

4.3.1 About The X Axis

Find the area between the curve f(x) = x? — 4 and the x axis

Step 1: Plug in y in terms of x

Our templateis [ (y)dx , where dx just tells us this is about x axis
Joo (% — 4)dx

Step 2: Plug in x limits or find them if not given
xX2—4=0=>x=+2
f::_zz(xz —4)dx

Step 3: Integrate as normal
x3 2

= 4x] etc
3 -2

4.3.2 About The Y Axis

Find the area between the curve f(x) = 2x + 1 andthelines y =1,y =3

Step 1: Plug in x in terms of y (might need to rearrange to get x in terms of y first as you’re usually given y in terms of x)
Our template is f;:::'(x)dy , Where dy just tells us this is about y axis
We need to re-arrange to get x in terms of y

y=2x+14=)x=y7_1

Gy

Step 2: Plug in y limits or find them if not given
o EDdy

Step 3: Integrate as normal

3
»_1
[4- Zy]letc
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