Further Statistics 1

Probability generating functions 7B

1

a

If X ~B(n,p), then G (¢)=(1-p+ pt)"

So X ~B(4,0.5), G ,(t)=(1-0.5+0.5t)* = (0.5+0.5¢)" =0.5*(1+1)" = %(1 +1)*
Y ~B(6,0.2), G,(t)=(1-0.2+0.21)° = (0.8+0.2¢)°

X ~B(5,0.9), G,(1)=(1-0.9+0.97)" = (0.1+0.9¢)°

If X ~Po(4), then G (t)=e*""
X ~Po(3), G () =¢""

X ~Po(1.7), G, (t)=¢"""

Y ~Po(0.2), G,(1)= 020D

pt
If X ~Geo(p),then G,(t)=——
() O

X ~Geo(0.3), G, (1) = 0.3t _ 0.3t _ 3t
1-1-03) 1-0.7¢t 10-7¢

¥ ~ Geo(0.8), G, (1) = 0.8 _ 08 _ 4
1-(1-0.8) 1-02¢ 5-¢

If X ~ Negative B(r, p), then G , (1) =| — 2
1-(1-p)t

3 3 3
X ~ Negative B3,04), G, () =| —2 :( 0.4 j :( 2 j
1—(1-04)y) (1—06r) (53

5 5 5
Y ~ Negative B(5,0.9), G, (t) = 0.9 =( 0.9t j - (ij
1-(1-0.9)¢ 1-0.1¢ 10—1¢

Let the random variable X be the number of sixes obtained in 5 rolls, then X ~ B(5,0.2)
So G, (1)=(1-0.2+ 0.2¢) = (0.8+0.2t)°

Let the random variable Y be the number of throws of the dice until a six is thrown,
then Y ~ Geo(0.2)

So G ()= 02t _ 02 _ ¢
1-(1-0.2)¢ 1-0.8¢ 5-4¢
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3 ¢ Letthe random variable Y be the number of throws of the dice until two sixes have been thrown,
then Z ~ Negative B(2,0.2)

So G, (1) =0 2:( 0.2¢ jzz( ¢ jZ
z 1-(1-0.2)t 1-0.8¢ 5—4¢

4 a X ~Po(0.3)

e 0.3

b P(X=1)= =03 =0.2222 (4 dp.)

¢ If X~Po(A), thenG  (¢)= et
So GX(t) _ 030D
5 a X ~Geo(0.35)
b P(X=6)=035(1-035)=0.35x0.65" =0.0406 (4 d.p.)

0.35¢ 0.35¢ 7t
1-(1-0.35)¢ 1-0.65¢ 20-13¢

4
6 X ~B(4,0.8), soP(X=x)=[ J0.8x(1—0.8)4"“
X

G ,(t)=D t'P(X =x)
=(0.2)" +4(0.8)(0.2)*t +6(0.8)*(0.2)*#* + 4(0.8)*(0.2)¢* + (0.8)*¢*
=(0.2)* +4(0.2)’(0.8) + 6(0.2)*(0.8¢)* + 4(0.2)(0.8¢)* + (0.8¢)*
=(0.2+0.8¢)"

-3.5 X
7 X ~Po(3.5), s0 P(X = x)= &5

e’ 3.5
x!

ey I35 g G5

x! x!

2 3
=e‘3'5(1+3.5t+(3'51) +(3’5t) +]
2! 3!

The expression in brackets is the Maclaurin expansion of €* where x = 3.5¢, so:

935 35t 35035 3.5(-1)
G,()=e7e" =¢ =e

G, ()= r'P(X=x)=>1"
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8 Y ~Geo(0.7),s0 P(Y =y)=(1-0.7)""0.7
G,(t)=Y 'P(Y=y)=) 103707
y=1 y=1

=0.7t)_(0.3t)" =0.7¢)_(0.3t)
y=1 y=0

=0.7¢t(1+ 0.3t +(0.3t)* +...)

The bracketed expression is the sum of an infinite geometric series, with first term 1 and common
ratio 0.3¢. Using the formula for the sum of a geometric series gives:

I

1+0.3t+(0.3t) +..) =

( 0307 +-)=1757,

So G ,(1)=0.71—— =27
1-03t 1-03

9 X ~B(n,p),soP(X =x) =(njp"(l—p)“
X
Z[ ](pr) (1-

=(1-p)’ {’fja —p) pt {Zja Py (pt)’ *@“ — Py (pt) .t (pt)’

This is the binomial expansion of (a + b)" (see Pure Year 1, Chapter 8) witha=1—p and b = pt
So G (1)=(1-p+ pt)’

et A"
X!
e’ /1"

10 X ~Po(A), so P(X =x)=
G, (=D tP(X=x)=).1"
=e’ Z% = e‘l[ + At +—— (/1 )’ (/103 +J

2! 3!

The bracketed expression is the Maclaurin expansion of e¢* where x = At
SO G (t) efﬂ At eﬂtfﬂ — eﬂ(tfl)
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11 Y ~Geo(p), so P(Y = y)= p(1- p)*”
G,()= ztyP(Y =y)= iﬂ’p(l_ p)!

= pti(t(l -p)" = pti(t(l -p))

= pt(1+(1= pe+((1- p)r)’ +...

The bracketed expression is the sum of an infinite geometric series, with first term 1 and common
ratio (1 — p)¢. Using the formula for the sum of a geometric series gives:

1 pt
So G, () = pt =
v () P 0=y 1=(=-py
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