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Methods in calculus 3D

1 Using x =atan®,dx = asec® do

asec’ 6 do

soj dx:j
a +x? a’+a’tan?o

2
_Jasec Hde
a’sec’0

=gjd0

:19+C
a

= 1 arctan +C < X =atané = arctan (lj
a a a

2 Using x=cosd, dx——sinede
50 j—d j ( sin9)do

«/_ J1-cos?
=—[do
=—0+C
=—arccosx+C

3 a Let x=2siné, so dx =2cos8do

dexzj;
Ja—x2 J4—4sin? 9
jﬁcose
2cosd

=3jd9
=30+C

2cos0do

= 3arcsm( j+ C
2

b Let x=+/5tan6,so dx =+/5sec? 6do

4 _ 4 2 2 2 2
I5+x2 dx—jm\/gsec 6do <«— 545tan“ @ =5(1+tan“ @) =5sec” 4

_J-4J§sec 0

5sec? 6

=£jd9
45

:—0 C

= @ arctan [L] +C
5 NG
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3¢ I ,:dx arcsm(x) +C -] uSng' _dx arcsm[ ) +C

1| 1
=—| —=4arctan| —= | [+C
3| |4

= ﬁ arctan (@J +C
6 2
N NE

Therefore, A=—— and B=-"—
6 2

1 .
= —arcsin
2

2X

1 .
=—arcsin +C
2

s

Therefore, P :% and Q =

&iv

6 a I31+x dx = 2[arctanx]1

= 2(arctan 3—arctanl)

Remember that you need to be
T —
= Z(arctan 3- Zj in radian mode.
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05 3 1

3 (o5
6 b Joos M _ay? dx _ﬁjo.zs /%_ W2
05
= E[arcsin i}
2 \/% 025

0.5
0.25

dx

= g[arcsin 2x]

= g(arcsin 0.5—arcsin 0.25)

_E(z_zj
22 6

>

—i arcsin —HZ
V3 "

= \/§ _arcsin (%j —arcsin (—%ﬂ

= %[0.85707...— (-0.38759...)] «——— You need to be in radian mode

N

=0.719 (3sf)

4
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8 1 iarctan X +C,
at:
3 3
= ? arctan (\/§x) +C

X

1+3x°
Let u=1+3x* and du =6xdx

X 1,1
dx==]=du
I1+3x2 6Ju

Similarly, consider [ dx

1
:glnu+c2

=%In(1+3x2)+c2

Therefore,
Jf (x)dx
1 X
=2 dx+3 dx
I1+3x2 " I1+3x2
243

= Tsarctan (\/§x) + % In(1+3x*)+c

Therefore, A= % and B =1

2x-1
9 f(x)=
(x) —
2x-1
[f(x)dx =] dx
e
2X 1
=== dx— | ———dx
J2-X2 J2-X2
Consider Iidx

J2-x?

Let u=2-—x? and du=—-2xdx

2X 1
[—=2 _dx=-]——du
2 —x? Ju
:—2\/U+c1
=-232—-x* +¢,
Consider | dx
2 —x?
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. X
=arcsin| —= (+cC
{\/5 J i

9 Therefore,
[ f(x)dx
2X 1
=] dx— dx
J2-x? J2-x2
=-22-X%* —arcsin(ij+c

A

Therefore, A=—1and B=-2

8x—-3
10 f(x)=
(x) 4+ x?
8x—-3
f(x)dx = dx
/ (x) j4+x2
8x 1
= dx-3 dx
j4+x2 I4+x2
Consider | ~dx
4+ X
_1 arctan (ij +
2 2 “
Similarly, consider [ - dx
+X
Let u=4+x*> and du = 2xdx
8x 1
dx=4)=du
I4+x2 ju
=4Inu+c,
=4In(4+x°)+c,
Therefore,
Jf(x)dx
8x 1
= dx -3 dx
I4+x2 I4+x2

=4In(4+x2)—garctan(§j+c

Therefore, A=4 and B = —g

4x -1
11 f(x)=
() 6 —5x>
4x -1
[f(x)dx=] dx
() 6 —5x>
=] 4x dx—| 1 dx
6 —5x> 6 —5x>
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11 Consider | dx
—Bx?
1 1
=] dx
NCR
5

J5x

1. J
=—=arcsin| — |+¢

5 6
Similarly, consider ] o
\6—5%2

Let u=6-5x* and du =-10xdx
4x 2:1
] [—=d

—_—— u
6—5x° 5 Ju

dx

Therefore,
Jf (x)dx

4xd 1

ZI\/G—SXZ X_IJes—5x2

4 1 . (Bx
= ——/6-5x% ———arcsin| —— |+c
5 NG [\/EJ

Therefore, P = —g and Q = 1

N

dx

X+5

x? +16
X+5

[

2

dx
X +16

X 1
= dx+5
Ix2 +16 Ix2 +16
X dx

x*+16

Let u=x*+16 and du = 2xdx

X 1.1
dx==/=du
Ix2+16 ZIu

12a f(x)=

Jf(x)dx=

dx

Consider [
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=1Inu+c1
2
:Eln(x2+16)+c1
2

12a Similarly, consider [ dx

_1 arctan (fj +
4 4 “
Therefore,

Jf (x)dx

X 1
= dx+5 dx
jx2+16 jx2+16

=£In(x2 +16)+§arctan Xlic
2 4 4

x? +16

Therefore, A=% and B = 5

4

b The mean value of f(X) over the interval [0,4] is:
1 4
Z!f (x)dx
= EF In(x* +16)+§arctan (Eﬂ
412 4 4

=£ 1In2+5—n
412 16

4

0

¢ The mean value of —4f (x) over the interval [0,4] is —4 times the mean value of f(X) over the

interval [0,4]

:—lln2—5—n
2 16

13 With x:%tane and dx:%seczede,
9x2+4=9(gtan29j+4=4tan29+4:4(tan29+1):4sec20

x> 4tan’*6  tan?0
x> +4  4sec’d  9sec?d

and
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so.[ —I tan® 6 gsec20d0
13 9x?% +4 9sec’d 3
=—Itan 0do
27

= 2—27j(sec2 0 -1)do

=£(tan9—0)+C
27

=i 3—X—arctan% +C
27\ 2 2

=5—£arctan%+c
9 2

14 With x = %sin 0, dx = %cos@d&

1-4x% =1-sin?6 =cos? O and so _sin®0
— x2 " 4cosd
sino 1
So —cosfdb
I ﬂf]_ 4x> -[0 4cosd 2

=—.[55in20d0
gdo

1 2
= — 6 —_
16 _[0 (1—2cos26)do

1 e_smzeé
16 2

_ 1z 3
" 16|6 4
=@(27T 3V3)
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Challenge
a | L dx

Xax% -1
X=secd, so dx =secHtanodé
X2 —1=+sec?@—1=tand
1 _secdtand

| X
Xy X2 —1 sec@tanéd
=[d@=0+c=arcsecx+c

jx

_1dx
X

Xx=secd, so dx =secHtanod @
Substituting gives

X=secd so cos,6?=E and tanH:»\/x2 -1
X

Therefore
tan@—@+c = x> —1—arcsec x+c
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