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Notes About AP Calculus Free-Response Questions

e The solution to each free-response question is based on the scoring guidelines from the
AP Reading. Where appropriate, modifications have been made by the editor to clarify
the solution. Other mathematically correct solutions are possible.

e Scientific calculators were permitted, but not required, on the AP Calculus Exams in
1983 and 1984.

e Scientific (nongraphing) calculators were required on the AP Calculus Exams in 1993
and 1994.

e Graphing calculators have been required on the AP Calculus Exams since 1995. From
1995 to 1999, the calculator could be used on all six free-response questions. Since the
2000 exams, the free-response section has consisted of two parts -- Part A (questions 1-
3) requires a graphing calculator and Part B (questions 4-6) does not allow the use of a
calculator.

e Always refer to the most recent edition of the Course Description for AP Calculus AB
and BC for the most current topic outline, as eatlier exams may not reflect current exam
topics.
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1979 AB1
Given the function f defined by f(x) = 2x° —3x% —12x+20.

(a) Find the zeros of f.
(b) Write an equation of the line normal to the graph of fat x =0.

(c) Find the x- and y-coordinates of all points on the graph of f where the line tangent
to the graph is parallel to the x-axis.
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1979 AB1
Solution

(@) f(x)=2x>=3x"=12x+20=(x=2)2x* +x—10) = 2(x-2)? (w%j

The zeros of f are at x =2 and xz—g.

(b)  f'(x)=6x>—-6x-12; f'(0)=-12

The slope of the normal line is m = R = L; f£(0)=20

£10) 12

The equation of the normal line is

1 1
-20=—(x-0), or y=—x+20, or 12y =x+240
y 12( ), or y B y

(c) The tangent line will be parallel to the x-axis if the slope is 0.
f(x)=0=6x"-6x—-12=0
6(x=2)(x+1)=0=>x=2,-1
f(=1)=27 and f(2)=0

The coordinates are (—1,27) and (2,0).
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1979 AB2

A function f is defined by f(x)= xe ?* with domain 0< x<10.

(a) Find all values of x for which the graph of f is increasing and all values of x for
which the graph is decreasing.

(b) Give the x- and y-coordinates of all absolute maximum and minimum points on the
graph of f. Justify your answers.
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1979 AB2
Solution

(@) [f'(x)=e > —2xe ¥ = ¥ (1-2x)

f'(x)>0when 1-2x>0.

The graph of fis increasing for 0 < x < %

f'(x)<0 when 1-2x<0.

The graph of f is decreasing for %< x<10.

b) [(x)=0=e(1-2x)=0

There is a critical point when 1-2x =0, hence only at x = % .

O<x<%:>f’(x)>0

%<x<lO:>f'(x)<0

The graph of fincreases and then decreases on the interval 0 < x <10. Therefore the

absolute maximum point is at (l,—)
2 2e

The absolute minimum value must be at an endpoint.

FO)=0, f(10)=

eZ

Therefore the absolute minimum point is at (0,0)

The absolute maximum can also be justified by using the second derivative test to

. : . 1 .
show that there is a relative maximum at x = > then observing that the absolute

maximum also occurs at this x value since it is the only critical point in the domain.
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1979 AB3/BC3

Find the maximum volume of a box that can be made by cutting out squares from the
corners of an 8-inch by 15-inch rectangular sheet of cardboard and folding up the sides.
Justify your answer.
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1979 AB3/BC3
Solution

V(x)=x(8—2x)(15—2x) = 4x> —46x> +120x
V'(x)=12x* —92x+120

3x% —23x+30=(3x—5)(x—6)=0
5

x=—, x=6

. ) 5
Since we must have 0 < x <4, we pick x = 3

o =381 1512 5.14.35_ 2850 _g 20,
3 3 3 33 3 27 27

Justification using the 1st derivative test:
5 :
x < 3 =V'(x)>0

x>§:>V'(x)<O

There is therefore a relative maximum at x = % But since V' (0)=0 and V' (4)=0,

) ) 5
the absolute maximum is at x = g

Justification using the 2nd derivative test:

5 . . : 5 . .
V"(gj <0 and so there is a relative maximum at x = 3 There is only one critical

L . . . 5
point in the domain 0 < x <4, so there is an absolute maximum at x = 3
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1979 AB4/BC1

A particle moves along a line so that at any time ¢ its position is given by
x(t) =2mt +cos2nt.

(a) Find the velocity at time .
(b) Find the acceleration at time ¢.
(c) What are all values of ¢, 0 < ¢< 3, for which the particle is at rest?

(d) What is the maximum velocity?
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1979 AB4/BC1
Solution

(a) v(t)=2n-2msin2nt=2n(l—-sin2mn¢)

(b)  a(t)=—4n> cos2nt

(c) v(t)=2n(l1-sin2nt)=0

sin2nt=1

The particle is at rest for ¢ =

-lklm
-lklxo

Ly
4’
(d a(@)= —47? cos2nt =0

5
= = ..
p

-l;|~
-hlw

The maximum velocity is v(%j =4r.

or

Since sin2n¢ =—1 is the minimum of sin2n#, the maximum of v(¢) is

2n(1-(-1)) =

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1979 ABS/BCS

Let R be the region bounded by the graph of y = lln x, the x-axis, and the line x =e.
X

(a) Find the area of the region R.

(b) Find the volume of the solid formed by revolving the region R about the y-axis.
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1979 AB5/BC5
Solution

(a) llnx:0::>x:1
X

e

1
1 2

e
AreaZJ llnxa’x:l(lnx)2
1 X 2

e
(b) Volume = 2EJ x(l In xj dx = 2nJ‘Ie In x dx
L \x

Use integration by parts with

u=Inx dv=dx
1

du=—dx v=x
X

Volume = 2n(xlnx|f —Leldx) =2n(xInx—x)|| =2n

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1979 AB6

The curve in the figure represents the graph of f, where f(x)= x> —2x for all real
numbers x.

(a) On the axes provided, sketch the graph of y = | f(x) | .
(b) Determine whether the derivative of | f(x) | exists at x =0. Justify your answer.

(¢) On the axes provided, sketch the graph of y= f (|x|) .

(d) Determine whether y = f (|x|) is continuous at x = 0. Justify your answer.

\
=
\
=

Axes for (a) Axes for (¢)
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1979 AB6
Solution

(2)

(b)

(d)

=[f ()] © y=/r()

Y y
A

\/
=

x<0=|f(x)]=x —2x:»i|f(x)|=2x—2:> lim i|f(x)|=—
dx x>0 dx

0<x<2=|f(x)=-x* +2x:>i|f(x)|=—2x+2:> lim i|f(x)| =
dx x—0t dx

It | f (x)| were differentiable at x = 0, then since both limits above exist, they would

have to be equal. They are not equal, so the derivative of | f (x)| does not exist at 0.

Alternatively, the derivative of | f (x)| does not exist at x = 0 because

_ 2
P VAt VA0 BN e TSP

h—0" h h—0" h h—0"
_ 2
tim OISOy =20y
h—0" h x>0 h h—0"
Atx=0,f(|x[)=0 or Atx=0,/(|x])=0
tim  (|]) = tim " ~2|+{) =0 lim /()= lim /() =0
x—0 x—0
Thereforef(|x|) is continuous at x = 0. hm f(|x|) 1m f(=x)=0
im ()= 1m ()0

Therefore f (|x|) is continuous at x = 0.
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1979 AB7

Let f be the function defined by y = f(x) = x> +ax? +bx+c and having the following
properties.

(1)  The graph of f has a point of inflection at (0,-2).
(i1)) The average (mean) value of f(x) on the closed interval [0,2] is 3.

(a) Determine the values of @, b, and c.

(b) Determine the value of x that satisfies the conclusion of the Mean Value Theorem
for f on the closed interval [0,3].

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1979 AB7
Solution

(@) —2=f(0)=c
F'(x)=3x>+2ax+b
f"(x)=6x+2a

0=7"(0)=2a, so a=0

F(x)=x>+bx-2

1
==(4+2b-4)=b

1 2 1 x* bx?
—3—EIO f(x)dx—5(7+7—2xJ

Soa=0, b=-3, and c=-2.

(b) By the Mean Value Theorem, there is an x satisfying 0 < x <3 such that

f3)~f(0)

)= =5

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1979 BC2

Given the differential equation py"+ )y’ =2y =¢gx
(a) Find the general solution of the differential equation when p=0 and ¢=0.
(b) Find the general solution of the differential equation when p=1 and ¢g=0.

(c) Find the general solution of the differential equation when p=1 and g =2.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1979 BC2

Solution

(@ p=0,¢4=0
y'-2y=0
Q =2dx
y
ln|y| =2x+InC
y= er+1nC

The general solution is y = Ce*™.

(b) p=14¢=0
V'+y'=2y=0

m>+m—-2=0
(m+2)(m—-1)=0
m=-2,1

The general solution is y = Cje > + Cye” .

) p=lg=2
Y'+y' -2y=2x

y, =Ce ™ +Cye*  from (b)
Let y, =Ax+B.Then y, =4 and y}, =0.

0+A4-2A4Ax-2B=2x
A-2B=0
—24=2

The solutionis A=-1, B= _%

. _ 1
Hence the general solution is y =y, +y, =Ce 2 Cyet —x-o

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1979 BC4

Let 1 be the function defined by f'(x) = % )
—2x

(a) Write the first four terms and the general term of the Taylor series expansion of
f(x) about x=0.

(b) What is the interval of convergence for the series found in part (a)? Show your
method.

. 1 .
(c) Find the value of f at x =——. How many terms of the series are adequate for

o 1 . : .
approximating f (_Zj with an error not exceeding one per cent? Justify your

answer.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1979 BC4

Solutions
o ,(n)
(a) The Taylor series has the form z / '(O) (x-0)"
n=0 n:
n=0:1(x)=——; f(0)=1 1
1-2x
2
n=1:f'(x)=———; f'(0)=2 2x
(1-2x)?
n=2: "(x)=—> . "0y =8 4x°
' (1-2x)*"
n=k M= ) =48 8
(1-2x)

The general term is 2" x".

2n+l xn+1 1
(b) = |2x| so series converges for |x| <—
2" x" 2
1 & a1 S on o
X=—: 2(2 W= |= Z(l) ; divergent
2 n=0 2 n=0
1 & 1Y &
X=——": Z (2”)(—) = Z (=1)"; divergent
2 n=0 —2 n=0
1 1
Interval of convergence — 5 <x< 5
1 1 2
c ——|= =—.
© f( 4] 1+1/2 3

D2 -1y :Z(_l)”i
4 2"
Alternating series with absolute

value of terms a, decreasing to 0.

n—
j=0

—_

<a|
1 2
- <=
2" 300

Since L < i, 8 terms suffice.
256 300

()

n!

sl

(=) n!(1-2¢)"" (=2)"

for —l<c<0
4

)

n!
n
<2 fa-2e)™
4}’1
2" 12
< - < =
4" 2" 7300

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1979 BC6

A particle moves in the xy-plane so that at any time 7> 0 its position (x,y) is given by

x=e +e’and y=¢€' —¢".

(a) Find the velocity vector for any ¢#>0.

dy
(b) Find lim —%
> dx
dt
(¢) The particle moves on a hyperbola. Find an equation for this hyperbola in terms of
x and y.
(d) On the axes provided, sketch the path of the particle showing the velocity vector for
t=0.
y
A
4 4
3 4
2 4
1 4

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1979 BC6
Solution

dx _ d _
() t t y t t

;(t) = (et —e! , e+ e_t) = (et —e! );+ (et + e_t)}'

(b) Method 1 Method 2 Method 3 Method 4
2t
1 e +1
1+— lim
2t —t o o2t _
lim—€" =1 lim|1+—2¢ | =1 @ re -l lim coth(z) = 1
f—0 I—L >0 el et e >0
2t = lim =1
e t—>0 2@2t
L h
2o i Ex—cos X
©) 2 _ 2 2t ot
yi=et —2+e —y=sinhx
Therefore x? — y2 =4
(@) v(0)=2/=(0,2)
Y
A
41
3 4
2 1
A
1 4
" : — X
1 2 3 4

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1979 BC7

Let f be a function with domain the set of all real numbers and having the following
properties.
(1) f(x+y)=f(x)f(y) forall real numbers x and y.

(i1) lim QR =k, where k is a nonzero real number.
=0  h

(a) Use these properties and a definition of the derivative to show that f'(x) exists for
all real numbers x.

(b) Let f () denote the nth derivative of f. Write an expression for f (”)(x) in terms
of f(x).

(c) Giventhat f(1)=2, use the Mean Value Theorem to show that there exists a

number ¢ such that 0 <c<3 and f'(c) = %

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1979 BC7
Solution

f(erhlz—f(X) i L)~ f(x) :;llif})f(x)f(h)_l — k()

@ f'(x)=lim lim : s

®) [0 =kf(x) =k f(x)

By induction, /™ (x)=k"f(x)

(c) Property (i) gives f(1) = f(0+1) = f(0) /(1)
Therefore f(0) =1
By Property (i), /(2)=f(1)f(1)=4
By Property (i), f(3)=/(1)/f(2)=8
By the Mean Value Theorem, there is a ¢ satisfying 0 <c <3 such that

wn_JB)-f0) _8-1_7
S = =3 73

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1980 AB1
Let R be the region enclosed by the graphs of y = x> and y= Jx.

(a) Find the area of R.

(b) Find the volume of the solid generated by revolving R about the x-axis.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1980 AB1
Solution

(a) The intersection of the two graphs is at (0, 0) and (1, 1).
1
J 0

Area = I;(xl/z —x3)dx = (%xyz —ix“

or

(Y v (Lo 15
(b) Volume n'[o(x x)dx-n(zx 7xj

Il

a
I/
N | =
|
2|~
~
Il
[E—
.b|U’

or

Volume = 27:_[;()/1/3—yz)ydy:2n.[;(y4/3—y3)dy
_ 27{%)}7/3 —%y“}

PN (BN
7 4) 14

1

0

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1980 AB2

>

A | D

A rectangle ABCD with sides parallel to the coordinate axes is inscribed in the region

enclosed by the graph of y = —4x? +4 and the x-axis as shown in the figure above.

(a) Find the x- and y-coordinates of C so that the area of rectangle ABCD is a
maximum.

(b) The point C moves along the curve with its x-coordinate increasing at the constant
rate of 2 units per second. Find the rate of change of the area of rectangle ABCD

when x=l.
2

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1980 AB2
Solution

(@) A(x)=2x(-4x*+4)=8(x—x°)
dA

= = 8(1-3x?
o ( )
d—A=0whenx:L
dx NE)

The maximum area occurs when x = L and y = 4(1 —%j

NG

(b)  A(x)=8(x—x")

M _ga-3H)%
dt dt

When x:l and @:2, d—A:8[1—3-lj2:4.
2 dt dt 4
or
A=2xy
dt dt dt
When x:l and @:2,
2 dt
1)
y=—4x2+4=—4(5J +4=3
d—y:—8x@:—8-l-2=—8
dt dt 2
ﬁ:2(1(—8)+3-2j=4
dt 2

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1980 AB3

Let In(x*) for x>0 and g(x)= e** for x>0. Let H be the composition of f with g,
thatis, H(x)= f(g(x)), and let K be the composition of g with f, that is

K(x)=g(f(x)).

(a) Find the domain of H and write an expression for H(x) that does not contain the
exponential function.

(b) Find the domain of K and write an expression for K(x) that does not contain the
exponential function.

(c) Find an expression for f - (x), where f ! denotes the inverse function of f, and

find the domain of f -1

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1980 AB3
Solution

(@) The domain of H consists of x for which x>0 and g(x) = ¢** > 0. Hence the
domainis x>0.

H(x) = f(g(x)) =In((e**)?) = In(e**) = 4x for x>0

(b) The domain of K consists of x for which x >0 and f(x)= ln(x2) > 0. Hence the
domain is x >1.

K(x)=g(f(x) =PI gt 4 s
(c) y:lnx2:>ey:x2
= x=ve’ ="/’
= fTw=e"

The domain of f ! is the range of f which is the set of all real numbers.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1980 AB4/BC1
The acceleration of a particle moving along a straight line is given by a = 10&* .

(a) Write an expression for the velocity v, in terms of time ¢, if v=5 when ¢#=0.

(b) During the time that the velocity increases from 5 to 15, how far does the particle
travel?

(c) Write an expression for the position s, in terms of time ¢, of the particle if
s=0 when ¢=0.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1980 AB4/BC1

Solution

(@) a= 10e?
v =j10e2f dt =5 +C
v(0)=5=C=0

Therefore v = 5e*

(b) v=5whent=0

v=15=5¢* =15

1
=t=—In3
1
—1In3
11n3
Distance = I 2 502 gp — éeh 2
0 2 |,
5
_2m3_3_s
2 2

or
s = I 5e*dt =§e2’ +C
2

Distance = s l1n3 -5(0)= §e1n3+C - §+C :Eem—é—
2 2 2 2 2

5
C s=|5e¥dt==e* +C
© s=] :

5(0)=0 = C:-%

Therefore s = §e2t - é
2 2

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1980 ABS/BC2

Given the function f defined by f(x)=cosx— cos’x for —n<x<m.

(a)
(b)

(©)
(d)

Find the x-intercepts of the graph of f.

Find the x- and y-coordinates of all relative maximum points of f. Justify your
answer.

Find the intervals on which the graph of f is increasing.

Using the information found in parts (a), (b), and (c), sketch the graph of f on the
axes provided.

—T —7/2 /2 T
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1980 AB5/BC2
Solution

(a) f(x)=cosx:(1-cosx)
Either cosx =0 or 1-cosx =0, so the x-intercepts are x = —g , X =g, andx =0.

(b) f'(x)=-sinx+2sinxcosx
0=sinx-(—-1+2cosx)

) ) 1 ) T
Either sinx =0 or cossz, so the candidates are x=+m, x=0, and xzig.

. . . 1
The relative maximum points are at (ig,zj .

Justification:
(i) f"(x)=-cosx+2cos2x

f"(£n) =3 = relative minimum

/"(0) =1= relative minimum

T 3 . .
f ”(i—} =3 = relative maximum

3
or
(i)  Selecting critical values:
T T
X -7 - 0 - T
3 3
f(x) -2 1/4 0 1/4 -2
or
(i11) Sign chart:
T T A W T

|
[ [ [ [ [
—TT —t/3 0 /3 T

(¢) Graph of f increases on the intervals —m < x < —g and 0 <x < g .

(d)

»

a4

—T /2 /2
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1980 AB6/BC4

Let y = f(x) be the continuous function that satisfies the equation x* =552 y2 +4 y4 =0
and whose graph contains the points (2,1) and (-2,-2). Let ¢ be the line tangent to the
graph of fat x=2.

(a) Find an expression for y'.
(b) Write an equation for line /.
(¢) Give the coordinates of a point that is on the graph of f but is not on line /.

(d) Give the coordinates of a point that is on line ¢ but is not on the graph of f.
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1980 AB6/BC4
Solution

Solution 1:
(@) 4x°—10x0% —=10x2yy' +161°y' =0

, 4x° —10xy2 2x° —5xy2
Y =772 3 2.2 3
10x“y—-16y” S5x“y-8y

16-10

(b) The slope is the value of y' at the point (2,1), so m = 203 %

The equation of 7 is therefore y —1= %(x —2)ory= %x .

(c) The point (—2,-2) is one example. Any point of the form (a,a) for a < 0 will be on
the graph of f but not on the line /. (For reason, see solution 2.)

(d) The point (-2,—1) is one example. Any point of the form (a,%j for a <0 will be

on the line ¢ but not on the graph of /. (For reason, see solution 2.)
Solution 2:

(a) The equation can be rewritten as(x —2y)(x +2y)(x — y)(x+ y) = 0. Four different
lines passing through the origin satisfy this implicit equation. Because y = f(x) is
continuous, only one line can be used for x <0 and x > 0, respectively. Which line
is used is determined by the two points that are given as being on the graph. So we

must have
—x, x>0
y:
x, x<0
, l,x>0
Yy =92
I, x<0
1
b =—x
(d) 5

(¢) (a,a) for a<0
() (a%) for a<0
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1980 AB7

Let p and g be real numbers and let f be the function defined by:

1+2p(x=1)+(x=1)?, forx<I
o= [1F2PE=D G
gx+p, for x > 1.
(a) Find the value of ¢, in terms of p, for which f is continuous at x=1.

(b) Find the values of p and ¢ for which f is differentiable at x=1.

(¢) If p and ¢ have the values determined in part (b), is /" a continuous function?
Justify your answer.
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1980 AB7
Solution

(a) Must have (1) = lirri f(x)and f(I)=1
x—
lim f(x)=p+qand lim f(x)=1
x—1* x—1"
Therefore p+g =1
q=1-p

(b) lim f'(x)=2p
x—1"
lim f'(x)=¢q

x—1*
So for f'(1) to exist, 2p=g¢q
f'(1) exists implies that f is continuous at x = 1. Therefore g =1-p.
Hence 2p=1-p.
_L 2
p= 3’ q= 3
(¢) No, f" is not a continuous function because it is not continuous at x = 1. This is

because f"is not defined at x = 1, or because lim f"(x)=2and lim f"(x)=0.
x—1 x—1"

or

Yes, /" is a continuous function because f"is continuous at each point of its
domain.

(Note: Different answers were accepted on the 1980 grading standard because
students might have interpreted the question either as asking if f” is a continuous

function for all real numbers, or a continuous function on its domain.)
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1980 BC3

4n

(a) Determine whether the series A4 = z

5— converges or diverges. Justify your
n=171 +1

answer.

(b) If S is the series formed by multiplying the nth term in 4 by the nth term in

o0

Z— , Write an expression using summation notation for S.
n

n=1

(c) Determine whether the series S found in part (b) converges or diverges. Justify
your answer.
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1980 BC3
Solution

(a) Comparison or limit comparison test

2

4n >l since 4n° >n” +1 or lim(
n°+1

n>+1 n n—>e0

o0
. . .. .
Since the series Z— diverges, so does series 4.

n=l

Integral test
b b
lim dx = lim 2In(x* +1)| =0
b—>wo )1 x°+1 b—w 1

Since the integral diverges, so does series A.

b Y2

n=1 I’Z2 +1

(c) Comparison or limit comparison test

2 2 . 2 2 . on?
< — or lim +— = lim

w41 n? n>o\n?+1 n

o0
Since the series Z—z converges, so does series S.
n=1"

Integral test

b

L)
limj - dx = lim 2tan"' x

b—o )1 x“+1 b—w

1

Since the integral converges, so does series S.
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1980 BCS
(a) Find the general solution of the differential equation x)'+y=0.
(b) Find the general solution of the differential equation xy’'+ y = 2x? V.

(¢) Find the particular solution of the differential equation in part (b) that satisfies the

condition that y = ¢ whenx = 1.
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1980 BC5
Solution

(@ x'+y=0

Solution using separation of variables

!

DA N Iny=-Inx+C
y X

In either case, y = Ae ™

b) xo'+y=2x"y
Solution using separation of variables

' 2
L:2x 1:2x—l
b% X X

lny:x2 —Inx+C

2
X
2
In either case, y = or y=Ae*
() e = Ae
e=4
x? X2+
Therefore y = £ =
x x

Solution using integrating factor

y'+ly:0, P(x):l
X X

y= Ae_I o

Y or y=£ or xy=A or ln|y|:—1n|x|+C
x

Solution using integrating factor

2
y'+(1 2x JyzO, P(x) =1 —2x
X X

(T

y=Ae

or ln|y| =x? —ln|x|+C

or lny:xz—lnx+1
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1980 BCo6

Let R be the region enclosed by the graphs of y=¢™, x=k (k > O) , and the coordinate

axes.

(a) Write an improper integral that represents the limit of the area of the region R as &
increases without bound and find the value of the integral if it exists.

(b) Find the volume, in terms of k, of the solid generated if R is rotated about the
y-axis.

(¢) Find the volume, in terms of %, of the solid whose base is R and whose cross
sections perpendicular to the x-axis are squares.
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1980 BC6
Solution

0 k
(a) Area= .[ e dx=1lm | e *dx
0 k—©

= lim (—e™¥)
k—o0

= lim(—e ¥ +1)=1
k—o0

k
0

k
(b) Volume = .[o 2xe Ydx  (u=x;v'=e)

1(; - '[(f —e " dxj

k
0

= 2n(—xe_x

=2n(-xe " —e )

=2n(—ke ¥ —eF +1)

N L P Lt TS a1 L I )
(©) Volume—J.O(e )dx—J.Oe dx——ze 0——5(6 -1)
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1980 BC7

y=r'w)

} } } X

Note: This is the graph of the derivative of f, NOT the graph of f.

Let f be a function that has domain the closed interval [—1,4] and range the closed
interval [-1,2]. Let f(-1)=-1, f(0)=0, and f(4)=1. Also let f have the derivative
function f” that is continuous and that has the graph shown in the figure above.

(a) Find all values of x for which f assumes a relative maximum. Justify your answer.
(b) Find all values of x for which f assumes its absolute minimum. Justify your answer.
(c) Find the intervals on which f is concave downward.

(d) Give all the values of x for which f has a point of inflection.

() On the axes provided, sketch the graph of f.

y
A

2--

14

Note: The graph of f” has been slightly modified from the original on the 1980 exam to
be consistent with the given values of f at x=—1, x=0, andx =4.
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1980 BC7
Solution

(@ f'(x)=0atx=0,2

')

|
I I I I
-1 0 1 2 3 4

There is a relative maximum at x =2, since f'(2)=0 and f'(x) changes from
positive to negative at x =2.

(b) There is no minimum at x =0, since f'(x) does not change sign there. So the
absolute minimum must occur at an endpoint. Since f(—1) < f(4), the absolute
minimum occurs at x =—1.

(c) The graph of f is concave down on the intervals [-1,0) and (1,3) because f* is

decreasing on those intervals.

(d) The graph of f has a point of inflection at x =0, 1, and 3 because f’ changes from
decreasing to increasing or from increasing to decreasing at each of those x values.

(e)
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1981 AB1
Let f be the function defined by f(x) = xt-3x% 42,

(a) Find the zeros of f.
(b) Write an equation of the line tangent to the graph of f at the point where x=1.

(¢) Find the x-coordinate of each point at which the line tangent to the graph of fis
parallel to the line y =-2x+4.
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1981 AB1
Solution

(@ f(x)=G2 =D =2)=(x+Dx—D(x+V2)(x=+2)
The zeros are x ==+1, J_rx/E )

(b) f'(x)=4x>—6x

f'H)=-2
Point: (1,0)

The equation of the tangent line is y =-2(x—1).

(c) 4x’—6x=-2
4% —6x+2=0
One solution is x =1.

(x—1)(4x> +4x-2)=0

The other two solutions are x = %(—1 + \/5 ) .
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1981 AB2

Let R be the region in the first quadrant enclosed by the graphs of y =4 —x?, y=3x,
and the y-axis.

(a) Find the area of region R.

(b) Find the volume of the solid formed by revolving the region R about the x-axis.
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1981 AB2

Solution
(a) Intersection:
4—x? =3x y=3x
x> +3x-4=0
x:—4,x:1 (1’3)
1
1
Area:I (4—x2—3x)dx= 4x—lx3—§x2 _13
0 37 27 ), 6
or y=
_ (31 ! y2 13
Area= [ gydy+jo(4—y) dy=— -
; 1 2\? 2
(b) Disks: Volume=mn (4—x ) —(3x) dx
0
(Y 1e 172, 4
—nj0(16 17x" +x )dx
1
:n(16x—1—7x3+lx5] :158n
3 5 0o 15
or
3 4
Shells: Volume:2n'[0 y%ydy+2nJ‘3 y(4—y)1/2 dy
y33 2 32 4 /2 Y 158n
5
=2n-= | +2n| ——y(4- ——(4- -
? 0 (3)}( y) 15( y) j3 15
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1981 AB3/BC1

2

Let f be the function defined by f(x)=12x3 —4x.

(a)
(b)
(©)
(d)
(e)

Find the intervals on which f is increasing.

Find the x- and y-coordinates of all relative maximum points.
Find the x- and y-coordinates of all relative minimum points.
Find the intervals on which f is concave downward.

Using the information found in parts (a), (b), (c), and (d), sketch the graph of f on
the axes provided.

<

207

10
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1981 AB3/BC1
Solution

(@ f(x) :12)(2/3 —4x; f'(x) — 8x—1/3 _4
(8x 13 -4)>0,x>0=x<8

(8x_1/3 —-4)>0, x <0 = no x satisfies this

or
Critical numbers: x =8, x=0

S (x) B A
I I
0 8

Therefore fis increasing on the interval 0 < x <8§.

(b) 2™ Derivative Test: f"(x)= _§X_4/ 3
f"(8) < 0 = relative maximum at (8,16)
(c) The 2" Derivative Test cannot be used at x = 0 where the second derivative is

undefined. Since f'(x) <0 for x just less than 0, and f’(x) >0 for x just greater
than 0, there is a relative minimum at (0,0).

@ f"(x) =—§x‘4/3 <0 if x#0

The graph of f'is concave down on (—0,0) and (0,+) .

(e)

204
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1981 AB4

Let f be the function defined by f(x) = SM.

(a) Is fan even or odd function? Justify your answer.
(b) Find the domain of f.

(¢) Find the range of f.

(d) Find f'(x).
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1981 AB4
Solution

(a) f is even since

Flemy =50 o5l gy

(b) 2x*-1>0

xzz

Domain is (—oo _—l}u{i ooJ
,\/5 \/E’
© V2r2-120=5V2"1>]

Range is [1,)

|~

, V2x2-1 1
@ f'(x)=5 nS-——— .4x
) 2% -1

or
y:5\/2x2—1
Iny= 2x*—1-In5
1 1
—y' =———-4x-In5
Ny R |
y'=¢-4x-ln5
22x% -1
5\/2x2—1
Y= 4x-In5

22x? —1
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1981 ABS/BC2

2x+1, forx<2

Let f be the function defined by f(x)=4¢1 ,
Ex +k, forx>2

(a) For what value of k& will f be continuous at x =2 ? Justify your answer.

(b) Using the value of &£ found in part (a), determine whether f is differentiable at
x =2 . Use the definition of the derivative to justify your answer.

(c) Let k=4. Determine whether f is differentiable at x =2 . Justify your answer.
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1981 ABS/BC2

Solution
@ f(2)=5
lim 2x+1)=5
x—2"

Mn(lx2+kj=2+k
x—2%

For continuity at x =2, we must have 2+ k =5, and so k= 3.

(b)  We compute lim S)=-72) :
x—2 x=2
. 2x+1-5
lim ———
x—2" x—2

=2

1235
lim 2— =2
x—27F x—2

So f'(2) exists and f'(2) =2
(c) Whenk=4,

lim f(x)= Mn(%x2+4j=6

x—2 x—2F

Hence f is not continuous at x = 2 and so is not differentiable at x = 2.
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1981 AB6/BC4

A particle moves along the x-axis so that at time ¢ its position is given by
x(t) = sin(ntz) for -1<¢<1.

(a) Find the velocity at time *.

(b) Find the acceleration at time ¢.

(¢) For what values of ¢ does the particle change direction?

(d) Find all values of ¢ for which the particle is moving to the left.
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1981 AB6/BC4
Solution

(a)

(b)
(©)

(d)

v(t) = x'(t) = 2mt cos nt?
a(t)=V'(t)=2mcos nt? —4n sin nt?

v(t)=0
t=0or cosmt> =0

Tttz =+

|

NG

The particle changes direction at ¢ = iT, 0.

The particle is moving to the left when v(¢) <0.

| | |
| !
V2 V2

-1 - 0 —_— 1
2 2
t — — + +
cos nt2 — + + —
v(t) + - + —

2

Particle moves to the left when —72 <t<0or 7 <t<l.
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1981 AB7

Let f be a continuous function that is defined for all real numbers x and that has the
following properties.

. 3 5 .. 5
(i) L fydv=> (ii) L F(x)dx=10
(a) Find the average (mean) value of f over the closed interval [1,3].
(b) Find the value of j:(z £(x)+6)dx.

(c) Given that f(x) =ax+b, find the values of a and b.
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1981 AB7

Solution
1 3 1(5 5
a) Average (mean) value =—— dx=—|—=|=—
(2)  Average (mean) value =—— [ f(x)dx 2@ y
5
(b) j3(2f(x)+6)dx
=2 f(de+ [ 6d
= 3 X)dx 3 X
o [P peydn= [ fxyde |+ [ 6
1 1 3
5
=2[10——j+6(5—3)
2
=15+12=27
5 3 2 ’
() E:L(ax+b)dx=(%+bx 1:4a+2b
5 2 ’
10=] (ax+b)dx=(%+bx —12a+4b
1
. . . . 5 5
Solving these two simultaneous equations yields a = e b= R
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1981 BC3

o0 n
Let S be the series S = z (%) where ¢ #0.
=0 +t

(a) Find the value to which S converges when 7=1.
(b) Determine the values of ¢ for which S converges. Justify your answer.

(c) Find all the values of ¢ that make the sum of the series S greater than 10.
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1981 BC3

Solution
t 1
a) (=l=>—=—
@) 1+t 2
Then S = Ln:%=2
n—O2 1——
2

<1.

(b) Since S is a geometric series, S converges if and only if | r| =

(1) We must have |t| < |t + 1| . This means that the distance of 7 from 0 is less than

the distance of ¢ from —1. Therefore 7 > —% .
or
. 1
(1)) We must have t* <t> +2¢+1. Therefore ¢ > 5

or

(i) Ifr<-1: t+1<t<-1-t
t+1<t=1<0
no solution

Ift>-1: —t-1<t<t+1
—1<2¢

1
-—<t

2

Therefore ¢ > —% .

=1+¢t>10for¢t>9

() SO=

1+¢
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1981 BCS

2
(a) Find the general solution of the differential equation 4y + Yv_ 6y=0.
dx?  dx

(b) Find the particular solution for the differential equation in part (a) that satisfies the
dy

conditions that y =1 and o =—1 when x=0.
x
d2
(c) Find the general solution of the differential equation d_;; + d_y —-6y=e¢".
X X
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1981 BCS

Solution

(a) m?+m-6=0
(m+3)(m-2)=0
m=-3,2

y=Ae* + Be ™~

(b) y'=24e* —3Be™
y=1 when x=0gives A+B=1
y'=—1 when x=0 gives 24-3B=-1

Therefore A4 :% and B = %

y=%62x+§e—3x

(c) From part (a), the homogeneous solution is y, = Ae** + Be >~ .
Try a particular solution of the form y, = Ce".

Yp=V, =y, =Ce"

Ce* +Ce* —6Ce" =e*

—4C =1
c=_1
4

Therefore the general solution is y = de** + Be >~ —iex :
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1981 BC6

(a) A solid is constructed so that it has a circular base of radius » centimeters and every
plane section perpendicular to a certain diameter of the base is a square, with a side
of the square being a chord of the circle. Find the volume of the solid.

(b) If the solid described in part (a) expands so that the radius of the base increases at a
1 . . . .
constant rate of 5y centimeters per minute, how fast is the volume changing when

the radius is 4 centimeters?

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1981 BC6
Solution

(a) The cross section at x has area
A(x)=(2y)? = 4(r2 —xz) .

Volume = I ’

=r

4(1”2 —xz)dx

=2 ;4<r2 —xz)dx

=8(r2x—lx3j =Er3
3 0o 3
16 3
b) V=—r
®) V==
629 162y L2108
dt dt 2
or
ﬂzl for all ¢ implies that r:lt+C.
d 2 2

Choose t =0 when »=0. Then C =0 and

3
y=16,3 ZE(LJ _2p

3 312 3
A _yp
dt
When 7 =4, then ¢ = 8 and ‘;—V:zsz =128.
t
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1981 BC7

Let f be a differentiable function defined for all x >0 such that

1 f1=0,
(i) f'(1)=1, and

(111) i[f(Zx)] = f'(x), forall x>0.
dx

(a) Find f'(2).
(b) Suppose f' is differentiable. Prove that there is a number ¢, 2 <c¢ <4, such that

170 = —é .

(c) Provethat f(2x)= f(2)+ f(x) forall x>0.
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1981 BC7

Solution
(@) %[f(zx)kf'(x) by (i)

£12x)-2= £1(x)

ren=2r@ o)

SR .

F@=2rM=5 by

@ - 1@
2

1 by the Mean Value theorem.

(b) Thereisac, 2<c<4,sothat f"(c)=

from (a)

1'@=

N

from (*)

'@ =
11

. 4 2 1
Therefore =T < =-——
IO=4 5=

© %[f(%k%f(x) by (ii)
Therefore f(2x)= f(x)+C

f@=rH+C=C by (i)
f@2x)=f(x)+/(2)
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1982 AB1

A particle moves along the x-axis in such a way that its acceleration at time ¢ for >0 is
given by a(t) = % . When ¢ =1, the position of the particle is 6 and the velocity is 2.
t
(a) Write an equation for the velocity, v(¢), of the particle for all # > 0.
(b) Write an equation for the position, x(¢), of the particle for all ¢ > 0.

(c) Find the position of the particle when  =e.
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1982 AB1

Solution
3 3
a vi)=la®)dt=|—=dt=——+C
@ v)=Ja@de=[5di=-7
2=v(1)=-3+C

Therefore C =5 and so v(¢) = —%+ 5.

(b) x(z)zjv(t)dz=j(—%+5)dz:—31nz+51+c
6=x(1)=-3In1+5+C

Therefore C=1 and so x(¢)=-3In¢+5¢+1.

(c) x(e)=-3lne+5e+1=-3+5¢+1=5¢-2
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1982 AB2

x3—x

Given that f is the function defined by f(x) =

x> —4x

(a) Find the lim f(x).

x—0
(b) Find the zeros of f.
(c) Write an equation for each vertical and each horizontal asymptote to the graph of f.
(d) Describe the symmetry of the graph of f.

(e) Using the information found in parts (a), (b), (c), and (d), sketch the graph of fon
the axes provided.
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1982 AB2

Solution
3 2
. - . -1 1
(a) lim 2~ = im 2 =—
x—0 x3—4x x—0 x2—4 4

(b) f(x)=0forx’—x=0, x#0

x*-1=0
The zeros are x=1 and x=-1.

(c) Vertical asymptote: x=2,x=-2
Horiztonal asymptote: y =1

(d) The graph is symmetric with respect to the y-axis.

—x3+x _ x3—x

3
(because f(—x)= (=" ~(0) _ = f(x))

(—x)’ —4(—x) -’ +4x X —dx

(e)
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1982 AB3/BC1
Let R be the region in the first quadrant that is enclosed by the graph of y =tan x, the

) ) i
x-axis, and the line x = g

(a) Find the area of R.

(b) Find the volume of the solid formed by revolving R about the x-axis.
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1982 AB3/BC1
Solution

/3
(a) Area= J.On tan x dx
=—In(cos x)| 3/3

:—ml:mz
2

3
(b) Volume = _[ ;r/ ntan® x dx
= nJ.(TB (sec2 x—1)dx

:n(tanx—x)|g/3

(ﬁgj
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1982 AB4

0 X

A ladder 15 feet long is leaning against a building so that end X is on level ground and
end Y is on the wall as shown in the figure. X is moved away from the building at the

1
constant rate of 3 foot per second.

(a) Find the rate in feet per second at which the length OY is changing when X is 9
feet from the building.

(b) Find the rate of change in square feet per second of the area of triangle XOY when
X is 9 feet from the building.
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1982 AB4
Solution

(a) x? +y2 =152

.. dx dy
Implicit: 2x—+2y—=0
P a7 dr

0.l ¥
2 Tt

dy 3

dt 8

1
b) A=—x
(b) >
Implicit: d—A=l(xQ+yﬁj
de 2\ dt dt

aa_1 9.(_E]+12.1
d 2 8 2

a_21
dt 16

)

Explicit:

Explicit:
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1982 AB5/BC2
Let f be the function defined by f(x)=(x?+1) e for -4<x<4.

(a) For what value of x does f reach its absolute maximum? Justify your answer.

(b) Find the x-coordinates of all points of inflection of f. Justify your answer.
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1982 AB5/BC2
Solution

() f()=(*+De™ -4<x<4

Flx)=2xe (X2 +1)e F=—e " (x+1)?

f'(x) <0 for all x and therefore f'is decreasing for all x.

Since fis decreasing on the entire interval, the absolute maximum is at x = —4.
or

The absolute maximum is at a critical point or an endpoint. There is a critical point
at x=1.

f(-4)=17¢"

f=>2

e
ra=1

e
Therefore the absolute maximum is at x =—4.
b) f'()=e (x-1)}—e " 2x-D) = (x=1)(x=3)
ST+ +

| |
[ I | I
-4 1 3 4

f"(x)>0 —4<x<1
f"(x)<0 l<x<3

f"(x)>0 3<x<4
The points of inflection are at x=1 and x =3.
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1982 AB6/BC3

A tank with a rectangular base and rectangular sides is to be open at the top. It is to be
constructed so that its width is 4 meters and its volume is 36 cubic meters. If building the
tank costs $10 per square meter for the base and $5 per square meter for the sides, what is
the cost of the least expensive tank?
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1982 AB6/BC3
Solution

e

Volume =4/h =36
Therefore [h =9
Cost=C=10(4])+ 5(2(4h) + 2hl) =40/ +40h+10Ah!

Method 1: Direct solution

C= 40(%)+40h+90

c#=4o(—f;+1j
h

C'=0 when h =43
Thus A=3and /=3

Method 2: Implicit Differentiation

a__1
dh h
4C 40 140
dh  dh
4C _a0( L4 40
dh h
oL

h
I=h=3

When /=3 and /=3, then C =40(3)+40(3)+90=$330.
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1982 AB7

For all real numbers x, f is a differentiable function such that f(—x)= f(x).
Let f(p)=1 and f'(p)=5 for some p>0.

(@) Find f'(-p).
(b) Find f7(0).

(¢) If ¢, and ¢, are lines tangent to the graph of f at (—p, 1) and (p, 1), respectively,
and if /; and /, intersect at point Q, find the x- and y-coordinates of Q in terms
of p.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1982 AB7

Solution
(@ f(x)=/f(x)
= —f'(=x)= /'(x)

= f(-p)=—f"(p)=-5
(b) f1(=0)==7"0)= f'(0)=0

(c) Equations of the tangent lines
liy=1==5(x+p)
ly:y=1=5(x-p)

Solution 1:
At the intersection, we must have —5x—5p =5x—5p and so x = 0. The coordinates

of Qare x=0, y=1-5p.

Solution 2:
Since f is even, the tangent lines /; and 7, intersect on the y-axis since they are

tangent at symmetric points on the graph with respect to the y-axis. Therefore x = 0
at the point of intersection. The y-coordinate is y=1-5p.
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1982 BC4

A particle moves along the x-axis so that its position function x(¢) satisfies the

2

differential equation % - ? —6x =0 and has the property that at time 1 =0, x =2, and
t t

E_

dt

(a) Write an expression for x(¢) in terms of z.

(b) At what times ¢, if any, does the particle pass through the origin?

(c) At what times ¢, if any, is the particle at rest?
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1982 BC4

Solution
2

@) LX_F g
dr*  dt
P —r—6=0
r=-2,3
xX= Cle_Zt + C2e3t
a_ —2Ce™* +3C,e™
dt
2=C+GC,
—-9=-2C, +3C,
C =3 C=-1

x(t)= 372 ¢t

(b) The particle passes through the origin when x(¢) =0.
32 = 3
3= S

t:lln3
5

(c) The particle is at rest when% =0.

% =—6¢ 2 —3e% =32 +)<0

. dx C
Since % <0 for all #, the particle is never at rest.
t
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1982 BCS

(a) Write the Taylor series expansion about x =0 for f(x)=In(l1+x). Include an
expression for the general term.

(b) For what values of x does the series in part (a) converge?

. . . 3 .
(c) Estimate the error in evaluating In (Ej by using only the first five nonzero terms of

the series in part (a). Justify your answer.

(d) Use the result found in part (a) to determine the logarithmic function whose Taylor

0 n+l _2n
.. D" x
SEries 1S E—( )2 .

n

n=l1
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1982 BCS

Solution
(@) f(x)=In(l+x) £(0)=0
f1x)=1-x)" £10)=1

f(x)=-(1-x)" f"(0)=-1

@ =" a-D1+0™ M0 =) (n-1)!
2 3

X x nog X"
X)=x——+——---4+ (-1 -t
f(x) 573 (-1 "

o0 n o0 n
— Z(_l)n—l x_ or Z(_I)I/H-l x_
n=l1 h n=l1 n

(b) The radius of convergence is R = 1.

atx=1: z -)™! 1 converges
n

n=1
o0 _ n o0

atx=-1: Z )"t b —zl diverges
n=1 n=1

The interval of convergence is —1<x <1.

3 1
¢c) l+x=—,s0 x=—.
(c) 5 5

Because this is an alternating series with terms decreasing to 0 in absolute value, the
error satisfies

6

_ 1 0002,

[£5] < 384

: . . 1
Or using a Lagrange error bound, there is a ¢ with 0 <c¢ < 5 such that

|E|:|f(6)(c)(§)6|:5!(1+c)‘6: L1
TLoe | et (140%62° 6:2°

© n+l, _2\n
) %ZM=%ln(l+x2)=ln\/l+x2
n

n=l1
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1982 BC6

Point P(x,y) moves in the xy-plane in such a way that ? = Ll and Z—y =2t for t>0.
t t+ t

(a) Find the coordinates of P in terms of ¢ if, when =1, x=1In2 and y=0.

(b) Write an equation expressing y in terms of x.

(c) Find the average rate of change of y with respect to x as ¢ varies from 0 to 4.

(d) Find the instantaneous rate of change of y with respect to x when #=1.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1982 BC6
Solution
1
(a) X=J—a’t=1n(t+1)+C1
t+1
ln2:X(1):1n2+Cl, SO Cl =0
x=In(t+1)
y=[2tdt=r+¢,
0=y(1)=1+C,, so C, =-1
y=t2—1
(b) €' =t+], soy=(e"~1)° 1= —2¢"

© YOO _15-C)_16
x(4)—x(0) In5-Inl1 In5

d Atr=1L_2 4

dx 1
r+1

or

From (b), using x=In2 when ¢=1

ﬂzzeZh’lz _2611’12 =8_4=4
dx
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1982 BC7

i . x* sin 1 , forx=#0
Let f be the function given by f(x)= X
0, forx=0
(a) Using the definition of the derivative, prove that f is differentiable at x =0.

(b) Find f'(x) for x = 0.

(c) Show that /' is not continuous at x=0.
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1982 BC7
Solution

x? sin(lj—o
@  £(0) =limZ () =70 _ iy X

. (1
_— = —:llmXSII’l — :0
x—0 X x—0 X x—0 X

()
xsin| —
X
(b) For x=#0,

ot o

(¢) lim f'(x)=lim (2x sin —cos J

lj is bounded implies that < |x| forall x#0.

X

since sin(

x—0 x—0
This limit does not exist since cos( oscillates between 1 and -1 as x > 0.

Therefore f' is not continuous at x = 0.
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1983 AB1
Let f be the function defined by f(x)=—-2+In(x?).

(a) For what real numbers x is f defined?
(b) Find the zeros of f.

(c) Write an equation for the line tangent to the graph of fat x=1.
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1983 AB1
Solution

(a) Inuis defined only for u >0.

x>0 except for x=0.
Therefore f(x) is defined for all x #0.

(b)  f(x)=0 when In(x?)=2.
x2 = 62
] =e

The zeros are x = te.

© fl=2=2
X X
rih=2=2

f()=-2+In(1*)=-2

The equation of the tangent line is
y=(-2)=2(x-1) or y=2x-4
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1983 AB2

A particle moves along the x-axis so that at time ¢ its position is given by
x()=1 -6t +9+11.

(a) What is the velocity of the particle at t =07?
(b) During what time intervals is the particle moving to the left?

(c) What is the total distance traveled by the particle from 1 =0 to t =27
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1983 AB2
Solution

(@) v(O)=x'(t)=3>—12t+9
v(0)=9

(b) The particle is moving to the left when v(¢) <0.
32 -12t+9<0

£ —41+3<0
(t-1)(t-3)<0
The particle is moving to the left on the interval 1<¢<3.

(c) Distance = (x(1)—x(0))+(x(1)—x(2))=15-11+15-13=6
or
Distance = I 02 |v(t)| dt

| Olv(z) di~ | 12v(t) di

1 2
- (ﬁ —6t2+9t‘0j—(t3 —6t2+9t‘1j

= 4-(-2)=6
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1983 AB3/BC1

Let f be the function defined for % <x< 5%[ by f(x)=x+ sin” x .

(a) Find all values of x for which f'(x)=1.

(b) Find the x-coordinates of all minimum points of f. Justify your answer.

(c¢) Find the x-coordinates of all inflection points of f. Justify your answer.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1983 AB3/BC1
Solution

(a) f'(x)=1+2sinxcosx=1+sin2x
I=1+sin2x

T . . . T St
xX= B is the only solution in the interval i <x<—.

(b) f'(x)=1+sin2x=0, so x:%

The minimum occurs at the critical point or at the endpoints.

critical point: f 3n = 3n +l =2.856
4 4 2
endpoints:f(E :%+% =0.774

6

Sm) Sm 1
f(?j=?+zz2.868
A
! + +

[ [ [
/6 3n/4  S5m/6

.. ) T
Therefore the minimum is at x = g

or

Since f'(x)=1+sin2x >0 for all x, the function fis increasing on the entire

) .. ) T
interval. Therefore the minimum is at x =—.

(¢)  f"(x)=2cos2x
2cos2x=0
T 3w
xX=—,—
4 4
A I e B
| | | |
/6 /4 3n/4 5m/6

) ) ) i 3n . .. y
Therefore the inflection points occur at x = 1 and x =— since this is where f

changes sign from positive to negative and from negative to positive, respectively.
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1983 AB4

0 1 4

\
=

1 1

The figure above shows the graph of the equation X2+ yE =2. Let R be the shaded
11

region between the graph of X2+ yE =2 and the x-axis from x=0 to x=1.

(a) Find the area of R by setting up and integrating a definite integral.

(b) Set up, but do not integrate, an integral expression in terms of a single variable for
the volume of the solid formed by revolving the region R about the x-axis.

(c) Setup, but do not integrate, an integral expression in terms of a single variable for
the volume of the solid formed by revolving the region R about the line x =1.
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1983 AB4
Solution

2
(a) y:(2—x1/2) —4-4x"2 1 x

Area :f;(Z—xl/z)z dx:I;(4—4x1/2 +x)dx:(4x—§x3/2 +§j

or

‘u

6

1 4
Area = :Io 1a?y+j1 (4—4)/1/2 +y)dy=1+(4y—§y3/2+%y2j

1

1

4
(b) Volume = n’j (2-2"2) dx

0

1
= nf (16—32x“2+24x—8x3/2+x2)dx
0
or

Volume = 27cj$ydy+2njl4y(2—yl/2)2 dy

= 71:+L4(4y—4y3/2+y2)dy

() Volume = 2n ;(2—x1/2)2(1—x)dx

= 2n_[;(4—4x1/2 “3x+4xY? —xz)dx
or

Volume = nJ.; 1dy+nJ.14(1—(l—x)2)dy

= n+njl4(2x—x2)dy
— 7T+ﬂjl4(2(2—y1/2)2—(2—y1/2)4)dy
= n+njl4(—8+24y1/2—22y+8y3/2—y2)dy
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1983 ABS/BC3

At time ¢ =0, a jogger is running at a velocity of 300 meters per minute. The jogger is
slowing down with a negative acceleration that is directly proportional to time ¢. This
brings the jogger to a stop in 10 minutes.

(a) Write an expression for the velocity of the jogger at time .

(b) What is the total distance traveled by the jogger in that 10-minute interval?
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1983 ABS/BC3

Solution
(@) a=-kt
2
V= _k” +C
2
300=v(0)=C

0=v(10)= —%k+300

k=6
Therefore v(¢) = —3¢2 4300

(b)  s(t)=—>+300¢
Distance = s(10) —s(0) = 2000 meters
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1983 BC2

1
Consider the curve y =2x2 from x=3 to x=38.

(a) Setup, but do not integrate, an integral expression in terms of a single variable for
the length of the curve.

(b) Let S be the surface generated by revolving the curve about the x-axis. Find the
area of S by setting up and integrating a definite integral.
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1983 BC2
Solution

@ »=x"

Length = J.j\/1+x_1 dx = Lg ,x_—i—l dx
x

8
(b) Surface area = 27 j 5 (2x1/ 2) x—de
X

= 475_[38(x+1)1/2 dx

8 152x

= (47) @j (x+1)¥?

5 7-8)=
, 3
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1983 BC4

2
Consider the differential equation Z—y +2xy = xe( ! +x)
X

(a) Find the general solution of the differential equation.

(b) Find the particular solution of the differential equation that satisfies the condition
y=3 when x=0.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1983 BC4

Solution
d 2
(a) —y+2xy =xe * ¥
dx
2
The integrating factor is eI v _ o
2 2
e’ Q+ 2xe’ y=xe"
dx
2
X
doe)
dx

2
ye' :J.xexdxzxex—eerC
2 2 2
y:xex+x_ex+x+cex

or

xet—e*+C

y= ex2
(b) 3=-1+C
C=4
y= o U g Xhx g
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1983 BCS

o0
. . 7
Consider the power series Z a,x" , where ay =1 and a, = (—) a, forn>1.
n=0 n

(a) Find the first four terms and the general term of the series.

(b) For what values of x does the series converge?

(¢) If f(x)=) a,x", find the value of f"(l).
n=0
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1983 BCS

Solution
2.2 3.3 n_n
(a) 1+7x+7 al +7 L. +--
3! n!
n+l _n+l !
(b)  lim | — . i X lo0<1
n—>oo‘ (n+1D! 7"x"| nowo|ln+

Therefore the series converges for all real x.

or
0 x}’l
e’ = Z — converges for all real x.
n!
n=0

o] n
Therefore e'* = Z @ converges for all real x.
n=0

3.2 4 3 n_n-l1
(©) f'(x):7+72x+7 A St S

203l (n-1)!

3 4 n

f’(1)=7+72+7_+7_+...+ 7 4o

21 3! (n—1)!

2 3 n—1
DY = A A

20 3! (n-1)!

=7e’
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1984 AB1

A particle moves along the x-axis so that, at any time ¢ > 0, its acceleration is given by
a(t)=6t+6. At time ¢ =0, the velocity of the particle is -9, and its position is —27.

(a) Find v(?), the velocity of the particle at any time ¢ > 0.

(b) For what values of >0 is the particle moving to the right?

(c) Find x(z), the position of the particle at any time ¢ > 0.
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1984 AB1
Solution

(@) a(t)y=6t+6
v(t) =3t +6t+C
v(0)=-9=C=-9
v(1)=31> +61-9

(b) 3t2+6t-9>0
2 +2t-3>0
(t+3)t=1)>0

V(f) | - | +
| |
0 1

The particle is moving to the right for > 1.

() x()=£+3>-9+C,
—27=x(0)=C,
x()=1 +3* =9t -27
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1984 AB2

Let 1 be the function defined by f(x) = XTSIY o —g <x< g )
c

0sx
(a) State whether f is an even or an odd function. Justify your answer.
(b) Find f'(x).

(c) Write an equation of the line tangent to the graph of f at the point where x = 0.
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1984 AB2
Solution

(a) fis an odd function because

—x+sin(—x) —x-—sinx _

2= =—f(¥)

cos(—x) COS X

cos x(1+ cos x) — (x +sin x)(—sin x)
®  f()= .
cos” X
_ 1+cosx+xsinx
cos® x

l1+c0s0+0-sin0

"(0) = 2
© f(0) —
£(0) = 0+sin0 _0
cos0

The equation of the tangent line is y—0=2(x—0) or y=2x.
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1984 AB3/BC1

Let R be the region enclosed by the x-axis, the y-axis, the line x =2, and the curve
y=2e" +3x.

(a) Find the area of R by setting up and evaluating a definite integral. Your work must
include an antiderivative.

(b) Find the volume of the solid generated by revolving R about the y-axis by setting
up and evaluating a definite integral. Your work must include an antiderivative.
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1984 AB3/BC1
Solution
2
(a) Area = J-O (2¢* +3x)dx

2
=(2e" 3 2
e +5X )

0
—2¢% +6-2¢°

=2¢’+4

2
(b) Volume = 2nj0 x(2¢* +3x) dx
2
= ZRIO (2xe™ +3x%) dx

= 2n(2xex

z — 2.[()2 e“dx+ L)z 3x2dxj
2
= 2n(2(x —De" +x° )‘ .

- 2n((2e2 +8) —2(—e°))

= 4n(e? +5)
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1984 AB4/BC3

A function £ is continuous on the closed interval[—3, 3] such that f(-3)=4 and
f(3)=1. The functions f' and f" have the properties given in the table below.

x | 3<x<-1| x=-1 |-1<x<1l|x=1] 1<x<3
, . Fails to . .
f'(x) | Positive . Negative | 0 | Negative
exist
) . Fails to . )
f"(x) | Positive . Positive 0 | Negative
exist

(a) What are the x-coordinates of all absolute maximum and absolute minimum points
of / on the interval [-3, 3] ? Justify your answer.

(b) What are the x-coordinates of all points of inflection of f on the interval [—3 , 3] ?

Justify your answer.

(c) On the axes provided, sketch a graph that satisfies the given properties of f.
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1984 AB4/BC3
Solution

(a) The absolute maximum occurs at x =—1 because f is increasing on the interval
[-3,—1] and decreasing on the interval [—1,3].

The absolute minimum must occur at x =1 (the other critical point) or at an
endpoint. However, f is decreasing on the interval [—1,3]. Therefore the absolute

minimum is at an endpoint. Since f(-3)=4>1= f(3), the absolute minimum is at
x=3.

(b) There is an inflection point at x =1 because:
the graph of f* changes from concave up to concave down at x =1
or

f" changes sign from positive to negative at x =1

(c) This is one possibility:
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1984 ABS

1 . ) .
The volume V of a cone (V = gnrzhj is increasing at the rate of 287 cubic units per
second. At the instant when the radius » of the cone is 3 units, its volume is 127 cubic
) o ) I .
units and the radius is increasing at 5 unit per second.

(a) At the instant when the radius of the cone is 3 units, what is the rate of change of
the area of its base?

(b) At the instant when the radius of the cone is 3 units, what is the rate of change of its
height A?

(c) At the instant when the radius of the cone is 3 units, what is the instantaneous rate
of change of the area of its base with respect to its height A4?
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1984 ABS

Solution

(a) A=mr?

When r =3, d—A—2nrﬂ=2n-3-l=3n
dt dt 2
| )

(b) Vzgmfh or V=
v 1 _,dh 2 dr dv
—=—mr" —+—nrh—
dt 3 dt 3 dt dt
28n—%n(9)@+2n(3)(4)( j 28 =
d dh
dt dt

dA
d4 g 3m
© T dh s
dt
or
A=mr?
dA dr
—=2mr—
dh dh
dr
— 1
d_a 21
dh dh 8 16
dt

Lan
3

1
3
1

=8

dh 1, d4

dt 3 dt
(9 )—+ 4(3 )
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1984 BC2

D . . . 2
The path of a particle is given for time ¢ >0 by the parametric equations x =¢+— and
t

y:3t2.

(a) Find the coordinates of each point on the path where the velocity of the particle in
the x direction is zero.

(b) Find 4 when 7=1.
dx

2

(c) Find % when y=12.
X
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1984 BC2

Solution
dx 2
a) —=1-=
(a) 7 2
% =0 when #=+/2 . The corresponding point on the path is (2x/§ ,0).
dy
dv a4 6t
dt 2
At =1, b —6
dx
9 R G )
© d”y _di\dx) _ £2 =
dx* dx 2\
d =2

1
o5 )6
2
Wheny=12,t=2andsoi’y= 2 =-24.
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1984 BC4

n

0 n
Let f be the function defined by f(x) = Z xnn for all values of x for which the series
n=l1

— 3 n!
converges.

(a) Find the radius of convergence of this series.

(b) Use the first three terms of this series to find an approximation of f(—1).

(c) Estimate the amount of error involved in the approximation in part (b). Justify your
answer.
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1984 BC4

Solution
xn+1 (n +1)I’l+1
a,, 3" (n41)! x(n+1Y"|_|x
a lim -2 = lim ——"""2" = lim =|—-€ <1
( ) n—o| a, n—>00 x”n” n—»00 3 n 3
3"n!

: : 3 : :
Since the series converges for |x| < —, the radius of convergence is —.
e e

D" _ 12 1

b) f(-D)= Zl e S
o
T

(c) The series is alternating with the absolute value of the terms decreasing to 0.
Therefore the error is less than the absolute value of the first omitted term. Hence

5)‘ 4% 32

‘f() 18)) 3% 243
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1984 BCS

Consider the curves » =3cos0 and r=1+cosH.
(a) Sketch the curves on the same set of axes.
(b) Find the area of the region inside the curve » =3cos0 and outside the curve

r =1+4cosO by setting up and evaluating a definite integral. Your work must
include an antiderivative.
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1984 BCS

Solution
(@)
y
A
2 -+
1
1 ' D 3
-1
o4

(b) The intersection occurs when 3cos0 =1+ cos0

cosezl
0=+_
3
Area =lj-n/3 ((30059)2—(1+0059)2)d6
2J-m/3
:ljw (800526—1—20059)d9
2J-m/3
1

/3
=§j /3(4+400329—1—200s9)d9
o’

=%jij}(3+4cos29—2cos@)d9

n/3

1 . .
:5(3(9-1—251n2€)—2sm€))|_n/3

:l n+2sin2—n—25in2—(—n—25in2—n+sinE)
2 3 3 3

=T
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1985 AB1

2x—-5
x2-4

Let f be the function defined by f(x) =

(a) Find the domain of f.

(b) Write an equation for each vertical and each horizontal asymptote for the graph of f.
(¢) Find f'(x).

(d) Write an equation for the line tangent to the graph of f at the point (0, /(0)).
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1985 AB1
Solution

(a) The domain of f is all real numbers except x =2 and x=-2.

(b) Asymptotes
Vertical: x=2, x=-2
Horizontal: y =0

2(x* —4)=2x(2x-5) _ 2x2 +10x-8  —2(x—4)(x—1)

) fi(x)= =
(x* —4)? (x* —4)? (x* —4)?
(d) Tangent line atx =10
5
0)=—
7(0) 2
F0=—2
2
The equation of the line is
5 1
——=—=(x-0
Y373 (x-0)
or
—-Lys2
4 2 4
or
2x+4y =5
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1985 AB2/BC1

A particle moves along the x-axis with acceleration given by a(¢) =cost for t > 0. At
t =0, the velocity v(¢) of the particle is 2, and the position x(¢) is 5.

(a) Write an expression for the velocity v(¢) of the particle.
(b) Write an expression for the position x(z).

(c¢) For what values of ¢ is the particle moving to the right? Justify your answer.

(d) Find the total distance traveled by the particle from =0 to ¢ = g .
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1985 AB2/BC1
Solution

(a) v(t)=sin(t)+C
2 =sin(0)+C
Cc=2
v(t) =sin(t)+2

(b) x(t)=-cos(t)+2t+C
5=-cos(0)+2(0)+C
C=6
x(t)=—cos(t)+2t+6

(c) The particle moves to the right when v(¢) > 0,. i.e. when sin(¢)+2 > 0.
This is true for all >0 because

—1<sin(1) 1= 0<-1+2<sin(¢)+2<1+2 forall «.
(d) The particle never changes directions since it moves to the right for all 7 >0.
x(0) =—cos(0)+2(0)+6=5
x| Zl=—cos| = |+2| Z|+6=n+6
2 2 2
. T
Distance = x(E] -x(0)=mn+1

or

Distance = [ ™ u(o)]ds = [ [sint) + 2|

_J.n/z : _ 72
=1, (sin(t) +2)dt = (—cost+21)| |~ =m+1
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1985 AB3
Let R be the region enclosed by the graphs of y=¢™*, y=¢",and x=In4.

(a) Find the area of R by setting up and evaluating a definite integral.

(b) Setup, but do not integrate, an integral expression in terms of a single variable for
the volume generated when the region R is revolved about the x-axis.

(c) Setup, but do not integrate, an integral expression in terms of a single variable for
the volume generated when the region R is revolved about the y-axis.
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1985 AB3
Solution y

(a) Intersection is when x = 0.

In4 _
Area = .[0 (ex—e x)dx
. Cx In4
=(e p )
0

1 9
[4+Z)—(l+l):z

(b) Disks:
_ In4 2x _ —2x
Volume = n.[o (e e )dx
or

Shells:
1 4
Volume = 2;:]1/4y(1n4+1ny)dy+2nj1 y(In4—1Iny)dy

(c) Disks:
1 4
Volume = x[ /4((ln 4)° = (=Iny)* Jdy+=[ *((In4)’ - (in y)* ) dy
I 2, (4 2
= nL/4(ln4) dy njl/4(1ny) dy
_ 15 2 4 2
=~ lin4) nL/4(lny) dy
or
Shells:
In
Volume = 27:.[0 4x(ex—e_x)dx
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1985 AB4/BC3

Let f(x)= 14nx* and g(x)= k? sin (%) for k> 0.

(a) Find the average value of f on [1,4].

(b) For what value of & will the average value of g on [O, k] be equal to the average

value of f on [1,4] ?
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1985 AB4/BC3
Solution

4
(a) Average value = %.[1 147x? dx

4n " 14

S AL R Y7 I
3 31 9

=98n

k
(b) Average value = lj 12 sin &% dx
k 2k

0
2 2 2
_ 2w w22
i i
2
Therefore & =98m.
s

Hence k% =497> and sok =77
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1985 ABS/BC2

A

The balloon shown is in the shape of a cylinder with hemispherical ends of the same
radius as that of the cylinder. The balloon is being inflated at the rate of 261 cubic

centimeters per minute. At the instant the radius of the cylinder is 3 centimeters., the
volume of the balloon is 144x cubic centimeters and the radius of the cylinder is

increasing at the rate of 2 centimeters per minute. (The volume of a cylinder is nr*hand

the volume of a sphere is %nr3 ).

(a) At this instant, what is the height of the cylinder?

(b) At this instant, how fast is the height of the cylinder increasing?
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1985 AB5/BC2
Solution

(@) V=mw’h +§nr3

1447 =n(3)* h+ g n(3)°
h=12
At this instant, the height is 12 centimeters.

av — 2 @+2nrhﬂ+4nr2 @

dt dt dt dt
2617 = 1(3)>2 % +21(3)(12)(2) + 471(3)2(2)

(b)

dh

—=5
dt

At this instant, the height is increasing at the rate of 5 centimeters per minute.
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1985 AB6

Yy
A ’
y=r(x)
[ } } } — X
-3 -2 -1 1 2 3

Note: This is the graph of the derivative of £, not the graph of f.

The figure above shows the graph of f”, the derivative of a function 7. The domain of
the function f is the set of all x such that -3<x<3.

(a) For what values of x, -3 < x <3, does f have a relative maximum? A relative
minimum? Justify your answer.

(b) For what values of x is the graph of " concave up? Justify your answer.

(c) Use the information found in parts (a) and (b) and the fact that f(—3)=0 to sketch
a possible graph of f on the axes provided below.

y
A
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1985 AB6
Solution

(a) f has arelative maximum at x = -2 because:
/" changes from positive to negative at x = -2

or
f changes from increasing to decreasing at x = -2

or
f'(-2)=0andf"(-2)<0

f has a relative minimum at x = 0 because:
f" changes from negative to positive at x =0.

or
f changes from decreasing to increasing at x=0.

or

f'(0)=0andf"(0)>0

(b) f isconcave up on (—1,1) and (2,3) because:
f' is increasing on those intervals

or
f" >0 on those intervals

(c)
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1985 BC4

Given the differential equation & = ﬂ, y>0.
dx Iny

(a) Find the general solution of the differential equation.

(b) Find the solution that satisfies the condition that y = ¢’ when x=0. Express your
answer in the form y = f(x).

(c) Explain why x =2 is not in the domain of the solution found in part (b).
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1985 BC4
Solution

@ Yo yax

y
2 2
M:_X_+C
2

or
(lny)2 =—x’+C
or
lny:J_r\/C—x2
or
y=ei C-x?

(b) (Ine*)?>=0+C
C=4
(Iny)? =4—x?
lny=i\/m
Bu‘[x=0,y=e2 :>1ny=\/4—x2

4—x?

y=e

(¢c) If x=2,then y=1 and Iny=0. This causes l_ﬂ to be undefined.
ny
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1985 BCS

Let f be the function defined by f(x)=—Inx for 0 <x <1 and let R be the region
between the graph of f and the x-axis.

(a) Determine whether region R has finite area. Justify your answer.

(b) Determine whether the solid generated by revolving region R about the y-axis has
finite volume. Justify your answer.
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1985 BC5
Solution

) 1
—lim | Inxdx
a—0tva

(a) I; —Inxdx

lim [x —xIn x]1
a—0" a

= lim [1-a+alna]

a—0"

1
=1+ lim —4—=1
a—0" _L

a2

The area is finite.

1 . 1
(b) 2nj x(=Inx)dx =2x lim [ x(~Inx)dx
0 a

a—0"
. 1
2 2
. —X X
=2n lim | —Inx+—
a—0t| 2 4
L a

a—0*

=2n 1 =z
4) 2

B 2 2
o tim | 2+ e
4 2 4

or

© oL b o9y
njoxdy—n[}glgojoe dy

b

-,

= lime %
2 b—ow

0
- .. T
=—lim (e 2b—eo):—
2 bow

The volume is finite.
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1985 BC6

Let f be a function that is defined and twice differentiable for all real numbers x and that
has the following properties.

@H f(0)=2
(i) f'(x)>0 forall x
(ii1)) The graph of f is concave up for all x >0 and concave down for all x <0

Let g be the function defined by g(x)= f (xz) .
(a) Find g(0).
(b) Find the x-coordinates of all minimum points of g. Justify your answer.

(c) Where is the graph of g concave up? Justify your answer.

(d) Using the information found in parts (a), (b), and (c), sketch a possible graph of g
on the axes provided below.
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1985 BC6
Solution

(b)  g'(x)=2x1"(x?)
g'(x)=0=x=0orf'(x*)=0. By (i), f'(x*)>0 for all x. Therefore x = 0 is the
only critical point.

g'(x)<0 for x<0 and g'(x)>0 for x>0 since f'(x*)>0 for all x. Therefore g
is decreasing for x <0 and increasing for x > 0. Hence g is a minimum at x =0.

or

Using the second derivative test, x = 0 gives a minimum because g"(0) >0
(see part (c) below).

© g0 =2/"(x")+4x"f"(x")
By part (ii), f'(x*)>0 for all x, and by part (iii), x> /"(x*) >0 for all x.
Therefore g"(x) >0 for all x and hence the graph of g is concave up for all x.

(d) This is one possibility
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1986 AB1
Let f be the function defined by f(x)=7-15x+ 9x* —x> for all real numbers x.

(a) Find the zeros of f.
(b) Write an equation of the line tangent to the graph of fat x=2.

(¢) Find the x-coordinates of all points of inflection of f. Justify your answer.
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1986 AB1
Solution

(@) f(x)=7-15x+9x* x> =—(x=1)*(x=7)
The zerosare atx=1and x = 7.

(b)  f'(x)=-15+18x—3x>
f'(2)=-15+36-12=9
f(2)=7-30+36-8=5
The tangent line is y—5=9(x—-2) or y =9x—-13.

() [f"(x)=18-6x
18—6x=0, x=3
There is a point of inflection at x = 3 because

fconcave up on (—,3) and concave down on (3,0)

or

f" changes sign from positive to negative at x =3

or
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1986 AB2

2
Let f be the function given by f(x) = % .
2 —

(a) Describe the symmetry of the graph of f.
(b) Write an equation for each vertical and each horizontal asymptote of f.
(c) Find the intervals on which f is increasing.

(d) Using the results found in parts (a), (b), and (c), sketch the graph of f on the axes
provided below.
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1986 AB2
Solution

(@) f(x)= f(—x) indicates symmetry around the y-axis.
(b) Asymptotes:
Vertical: x=3, x=-3

Horizontal: y =9

(c) Increasing f:

(x> —9)(18x) — (9x* —36)(2x) __—90x
(x> -9)° (x> -9y

f'(x) =
Then f'(x)>0 when —90x >0, i.e. when x <0
R

[ inc | inc | dec | dec
-3 0 3

The graph of f is increasing on the intervals (—o,-3) and (-3,0].

(d)

»

&
|
NS}
Q
N}
w
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1986 AB3/BC1

A particle moves along the x-axis so that at any time ¢ > 1, its acceleration is given by
a(t)= o At time ¢ =1, the velocity of the particle is v(1) = -2 and its position is
x(1)=4.

(a) Find the velocity v(¢) for t>1.
(b) Find the position x(¢) for #>1.

(c) What is the position of the particle when it is farthest to the left?
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1986 AB3/BC1
Solution

(a) a(t)z%,tzl

(1) = j a(t)dt =In(t)+ C
-2=0+C
v(t) = In(t) -2

(b)  x(t)= j w(t)dt = j (In(t)—2)dt = tIn(t)—t -2t +C
4=-3+C
7=C
x(t)=tIn(t) -3t +7

() v(t)=0=1In(t)-2=0
t=¢
Since v(1) = -2, the particle starts out moving to the left. The particle is farthest to

the left when 7 =e*. The position is x(ez) =7-¢.
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1986 AB4

Let f be the function defined as follows:

lx—1]+2, for x<1

f(X)={

ax? +bx, for x>1, where a and b are constants.

(@) Ifa=2 and b=3,1is f continuous for all x? Justify your answer.
(b) Describe all values of @ and b for which f is a continuous function.

(c) For what values of a and b is f both continuous and differentiable?
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1986 AB4
Solution

(a) No, fis not continuous for all x since it is not continuous at x = 1.
lim f(x)=2, f(1)=5
x—1"

-~ lim f(x) = £(1)
x—1"

or

lim f(x)=2, lim f(x)=5

x—>1" x—1*

< lim f(x)# lim f(x)
x—1" x—1*

(b)) f()=a+b

or

lim f(x)=a+b

x—1"

The function f is continuous when a+b=2.

, -1 if x<1
© f® :{Zax+b if x>1
To be continuous and differentiable at x = 1, must have
a+b=2
2a+b=-1

Therefore a=-3 and b=5.
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1986 ABS/BC 2

—_

A(x)

a7
)

2
Let A(x) be the area of the rectangle inscribed under the curve y = e >¥ with vertices at
(—x,0) and (x,0), x>0, as shown in the figure above.

(a) Find A(1).
(b) What is the greatest value of A(x)? Justify your answer.

(c) What is the average value of A(x) on the interval 0 <x <27?
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1986 AB5/BC2
Solution

(a) A()=2¢°= %
e

()  A(x)=2xe 2 for x>0
A(x) =272 +2xe % (“4x)=2¢ 2 (1-4x2) =0

1
xX=—
2
o1
A 1 ) le 4 _ 12
2

(i) The sign of A4'(x) is determined by the sign of (1 —4x2) .
A'(x)>0 f0r0<x<% and A'(x) <0 for %<x.

or

A'(x)! + | -

i >
0 172

Therefore the greatest value of A(x) is e V2,

or
i) A"(x =—8xe_2’62 1—4x> —16xe_2x2 . Therefore A" 1 <0 and so x=l
2 2

gives a relative maximum. Since there is only one critical value, x = 5y also

gives the absolute maximum. Therefore the greatest value of A(x) is e V2.

_ 1 2 _ l 2 22
(c) Average value = 30 _[ 0 A(x)dx = 5 Io 2xe °" dx

2 -8
=_[ xe—2x2 dx:—lj e du u=—2x2;du=—4xdx
0 40
-8
:—leu :l(l—e_g)
4 |, 4

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1986 AB6/BC3

The shaded region R shown in the figure above is enclosed by the graphs of

2

1 .
y=tan“x, y = Esec2 x, and the y-axis.

(a) Find the area of region R.

(b) Set up, but do not integrate, an integral expression in terms of a single variable for
the volume of the solid formed by revolving region R about the x-axis.
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1986 AB6/BC3
Solution

1
(a) —seclx=tan?x=>x="_
2 4

n/4 1
Area = J (— sec’ x —tan’ x) dx
0 2

n/4 |
:J (1——sec2 dex
0 2

(b) Disks:

/4 4
Volume = nJ [sez X tan? x] dx

0

or

Shells:

Volume = 27:.[;/2 yarctan (\/;) dy + 2njll/2 y (arctan V- arcsec@) dy
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1986 BC4

Given the differential equation % =2y—5sinx:
X

(a) Find the general solution.

(b) Find the particular solution whose tangent line at x = 0 has slope 7.
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1986 BC4

Solution

(a) Method 1: Undetermined Coefficient
yh — Cer

Y, =Asinx+Bcosx

%:Acosx—Bsinx
Acosx—Bsinx=2Asinx+2Bcosx—5sinx
2A+B=5

{A—2B:O

A=2,B=1

y=Ce* +2sinx +cosx

Method 2: Integrating Factor
dy .
——2y=-5sinx

dx 4

j —2dx

Integrating factor is e =2, Multiplying both sides by the integrating factor

and antidifferentiating gives

ye ¥ = —5_[ e 2% sin x dx

2

o . 1 5, . 1¢ _
Ie 2¥sinxdr=——e xs1nx+—je 2X cos x dx
2 2

2 2 2

:—le_ xsinx—le_ xcosx—lje_ *sin xdx
2 4 4

or
Ie_zx sinxdx =—e >* cosx — 2I e > cosxdx

2

= e cosx—2e¢ ¥ sinx— 4! e > cosxdx

2

ox . 2 5y . 1 _
Thus je 2x smxdx:—ge 2x s1nx—ge * cosx, and therefore

—2x

ye © = e 2

Y cosx+2e P sinx+C, or y = cosx+2sinx + Ce?

(b) Using either 7 = 2(Ce0 +2sin0+cos0)—5sin0 or 7= C2¢° +2cos0—sin0, we

get that 7=2C+2. Hence Cz% and so yzgezx+2sinx+cosx.
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1986 BCS

(a) Find the first four nonzero terms in the Taylor series expansion about x =0 for

f(x)=+1+x .

(b) Use the results found in part (a) to find the first four nonzero terms in the Taylor
series expansion about x =0 for g(x)=v1+ X

(c) Find the first four nonzero terms in the Taylor series expansion about x =0 for the
function % such that #'(x)=v1+x> and h(0)=4.
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1986 BCS

Solution
(@ f)=+lrx £(0)=1
F@ =5 ro=;
== 10 o)==
m _ E -5/2 " _ E
£ =< (1) =3
T/ (x) =1+%x—%x2 +%x3 +....

1 31 ¢ 1 o
b T.(xX)=1+—x"——x"+—x +...
(b) T,(x) 5 2 16

(¢) Integrating the Taylor series in (b) gives
1 4 1 4
L,(x)=C+x+—x"——x" +...
7 (%) e* T3¢
h(0)=4=C=4

1 4 1 4
T, (x)=4+x+—x ——x" +...
7 (X) 2 56
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1986 BC6

For all real numbers x and y, let f be a function such that f(x+y)= f(x)+ f(y)+2xy
f
h

and such that lim
h—0

(a) Find £(0). Justify your answer.

(b) Use the definition of the derivative to find f'(x).

(¢) Find f(x).
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1986 BC6
Solution

(@) Letx=y=0
Then f(0+0)= f(0)+ f(0)+2-0-0
F(0)=2/(0)
f(0)=0

B 1=l f(x+h2—f(x)

-

S )+ f(h)+2xh— f(x)

= lim
h—0 h
= lim (M + 2xj
h—0 h
=T7+2x

() [f'(x)=7+2x
f(x):7x+)c2 +C

Usex=0:
0=70)=0+C=C

Therefore f(x)=7x+ x2.
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1987 AB1

A particle moves along the x-axis so that its acceleration at any time ¢ is given by
a(t)=6t—18. At time ¢ =0 the velocity of the particle is v(0) =24, and at time ¢ =1, its
position is x(1) =20.

(a) Write an expression for the velocity v(¢) of the particle at any time .

(b) For what values of ¢ is the particle at rest?

(c) Write an expression for the position x(¢) of the particle at any time ¢.

(d) Find the total distance traveled by the particle from =1 to ¢#=3.
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1987 AB1
Solution

(@) a(t)y=6t—-18
w(t) =3t -18t+C
24 =v(0)=C
w(r)=3r> 181+ 24

(b)  v(t)=0 when 3(t* —6¢+8) =0
3(t-4)(t-2)=0
The particle is at rest when 1 =2 and ¢ =4.

() x(t)=£ -9 +24t+C
20=x(1)=1-9+24+C
C=4
x(t)=1—9> + 241+ 4

(d) The particle changes direction at f =2.
x(1)=20

x(2)=8-36+48+4=24
x(3)=27-81+72+4=22
Distance = x(2) —x(1) + x(2)—x(3) =4+2=6
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1987 AB2

Let f(x)=~/1—sinx.

(a) What is the domain of f?
(b) Find f'(x).

(¢) What is the domain of f'?

(d) Write an equation for the line tangent to the graph of fat x=0.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1987 AB2
Solution

@ f(x)=-sin(x)

The domain of f is all real numbers.

®)  f(x)=(1-sin(x))">
()= %(1 —sin(x))"?(~ cos(x))

—cos(x)

© = e

We must have 1—sin(x) >0 and therefore the domain of 1" is all
x# 4 2kn
2
or
Rm{ﬂx¢g+2hgk64

or
5

—In
x¢..._ —_—,
2 2

Srr
2727

b

@ SO=-3, /0=

The tangent line is

1
—1=—=(x-0
y 5 (x=0)
or

1
=——x+1
YT
or
x+2y=2
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1987 AB3

1
Let R be the region enclosed by the graphs of y =(64x)* and y=x.

(a) Find the volume of the solid generated when region R is revolved about the x-axis.

(b) Set up, but do not integrate, an integral expression in terms of a single variable for
the volume of the solid generated when region R is revolved about the y-axis.
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1987 AB3

Solution
Y
(@) (64x)V* =x )
64x = x*
x=0andx=4
Disks:

Volume = nj(j((64x)1/ 2_y? )dx

= nj(?(le/z —xz)dx

4

3
- 8-£x3/2 _x
3 3

0

128w B 64n 64w

3 3 3
or
Shells:
4 y4
Volume =2x ——|d
J’(y 64J y
0
4
3 6
_op 2V || %4
3 6-64 o 3

(b) Shells:

Volume = 2TcJ.(jx<(64x)1/4 —x)dx

or
Disks:
4
2 y4 i
Volume =n —| =1 |d
y 64 y
0
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1987 AB4
Let f be the function given by f(x)=2 ln(x2 +3)—x with domain -3 <x<5.

(a) Find the x-coordinate of each relative maximum point and each relative minimum
point of f. Justify your answer.

(b) Find the x-coordinate of each inflection point of f.

(c¢) Find the absolute maximum value of f(x).
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1987 AB4
Solution

(@) f(x)=2In(x*+3)—x
2x 1 —(x=3)(x-1)

f'(x)=2-x2+3 x2+3
A N N
S |dec | inc | dec |

-3 1 3 5

There is a relative minimum at x = 1 because /' changes from negative to positive.
There is a relative maximum at x = 3 because ' changes from positive to negative.

A(x?+3)—4x-2x  12-4x*  4(3-x?)
(x* +3)° (x> +3)*  (x?+3)?

(b) f'(x)=

The inflection points are at x = V3 and x=—/3.

(¢) f(-3)=2In12+3
f(3)=2In12-3
The absolute maximum value is 2In12+3.
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1987 ABS

The trough shown in the figure above is 5 feet long, and its vertical cross sections are
inverted isosceles triangles with base 2 feet and height 3 feet. Water is being siphoned out
of the trough at the rate of 2 cubic feet per minute. At any time ¢, let 4 be the depth and
V' be the volume of water in the trough.

(a) Find the volume of water in the trough when it is full.
(b) What is the rate of change in /4 at the instant when the trough is % full by volume?

(c) What is the rate of change in the area of the surface of the water (shaded in the

figure) at the instant when the trough is % full by volume?
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1987 ABS
Solution

(a) Volume = %-2-3-5:15

1
b) V=5-—bh
(b) 5

By similar triangles, % = % . Therefore V' = ghz and

v _10, dn
dt 3 dt’

When the trough is i full by volume, % = %hz and

therefore 4 = % .

At this instant —2 = &Eﬁ and thus @ = —g .
3 2 dt dt
(c) A:Sb:?h
dd_10dh
dt 3 dt
d4 _10 2 _—4
daq 3 5 3
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1987 AB6

Let f be a function such that f(x)<1 and f'(x)<0 forall x.

(a) Suppose that f(b)=0 and a <b < c. Write an expression involving integrals for

the area of the region enclosed by the graph of f, the lines x =aand x =c, and the
X-axis.

(b) Determine whether g(x)= is increasing or decreasing. Justify your answer.

f-1

(¢) Let & be a differentiable function such that 4'(x) <0 for all x. Determine whether
F(x)=h(f(x)) is increasing or decreasing. Justify your answer.
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1987 AB6
Solution

(a) Area= jj f(x)dx—J.bc f(x)dx or Area = I:|f(x)|dx

—/'(x)
(f(0)-1)°
f'(x)<0and (f(x)- H:>0=> g'(x)> 0 for all x. Therefore g is increasing.

(b) g'(x)=

It is possible to give a non-calculus argument. Since f'(x) <0 for all x, the function

f 1s decreasing for all x. Therefore the function f(x)—1 is decreasing for all x.

Since f(x)—1<0 for all x, it follows that I !

(©) F'(x)=n(f(x) f(x)
h<0and f"<0= F'>0 forall x.
Therefore F is increasing.

Non-calculus argument:
X1 <Xy = f(x)> f(x,) since f is decreasing.

Therefore h(f(x;))<h(f(x,)) since & is decreasing.

So x; <x, = F(x) < F(x,) . Hence F is increasing.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1987 BC1

At any time 7> 0, in days, the rate of growth of a bacteria population is given by y' =ky,

where k£ is a constant and y is the number of bacteria present. The initial population is
1,000 and the population triples during the first 5 days.

(a) Write an expression for y at any time #>0.
(b) By what factor will the population have increased in the first 10 days?

(c) At what time ¢, in days, will the population have increased by a factor of 6?
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1987 BC1

Solution
(@) y=dAe"
v(0)=1000= A4
3=¢">
(I3
5

tIn3
Therefore y=1000e 5 or y=1000-3"°

10In3
(b)  »(10)=1000e 5 =1000-3*
Therefore the population will have increased by a factor of 9.

tn3

(¢) 6000=1000¢ >
tIn3
6=¢ >
t=5m6
In3
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1987 BC2

Consider the curve given by the equation y3 +3x2 y+13=0.

. ody
a) Find —=.
(a) e

(b) Write an equation for the line tangent to the curve at the point (2,—1).

(c) Find the minimum y-coordinate of any point on the curve. Justify your answer.
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1987 BC2
Solution

(@) 3y%y'+3x%) +6xy=0
, 6xy 2y

3x2+3y2 - x2+y2

(b) At the point (2,-1), y/ = 2D _4

4+1 5
. o 4 4 13
The equation of the tangent line is y+1:§(x—2) or yzEx—?.
' _ny
(c) y'= 5 —>=0=>x=00ry=0
X +y

Since y cannot be 0 for any point on the curve, we must have x = 0. We claim that
this gives the minimum y-value on the curve. Atx =0, y=—-313.

y(»* +3x%)==13= y <0. Therefore ' <0 forx<0 and y'>0 forx>0. Thus

x=0 does give the minimum value of y=—3/13.

Non-calculus argument: y(y2 + 3x2) =—-13= y < 0. Therefore y3 +13= —3x2y >0
for all points on the curve. Thus y > —N3 forall points on the curve. But

y =—313 when x =0, thus y =—3/13 is the minimum.
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1987 BC3

Let R be the region enclosed by the graph of y =Inx, the line x =3, and the x-axis.
(a) Find the area of region R.

(b) Find the volume of the solid generated by revolving region R about the x-axis.

(c) Setup, but do not integrate, an integral expression in terms of a single variable for
the volume of the solid generated by revolving region R about the line x =3.
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1987 BC3
Solution

(a) Area = J-f In x dx

:(xlnx—x)|f

=3In3-2

(b) Disks:

3
Volume = nj‘l (In x)2 dx

3
_ n(x(lnx)z‘l —jlenxdx)

) 3
=n(x(Inx) —2xlnx+2x)

1

(
n(3(In3)?> —6In3+4
(3m3) )

or

Shells:
In3
Volume = 2n'[0n y(B—e")dy

In3
3

=2n Ey2—yey+eyj

0

=2n (%(ln3)2—1n3~eln3+eln3j—1J

=2n %(my)2 —31n3+2j

(c) Shells:
3
Volume = 2nI1 (B3—x)Inxdx

or

Disks:
In3 2
Volume = njo 3-¢e")"dy
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1987 BC4

(a) Find the first five terms in the Taylor series about x =0 for f(x)= % )
—2x

(b) Find the interval of convergence for the series in part (a).

(c) Use partial fractions and the result from part (a) to find the first five terms in the
1

Taylor series about x=0 for g(x)=————.
Y 8= oo
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1987 BC4
Solution

(a) Using geometric series, ~1+2x+ (2x)2 + (2x)3 + (2x)4

or
FPx)=2"nt(1-2x)"HD
FM0)=2"-n!

Therefore ~1+2x+4x% +8x° +16x*

1-2x

: 1. . .
(b) The Taylor series for " is a geometric series and thus converges for |2x| <1 or

—-2x
x| <.
2

Alternatively, can use the ratio test.

+1 _n+l
=P <1= <

2" x"

Checking the endpoints,

At x= —%, the series is 1 —1+1—1+... which diverges.
At x= % , the series is 1+1+1+1+... which diverges.

. ) 1
Therefore the interval of convergence is |x| < 5

() _ B
1-2x)(I1-x) 1-2x I-x
mz(2+4x+8x2+16x3+32x4)_(1+x+x2+x3+x4)
201 —x

— 14 3x+Tx% +15x° +31x%
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1987 BCS

The position of a particle moving in the xy-plane at any time ¢, 0 < ¢ <27, is given by
the parametric equations x =sin¢ and y = cos(2¢).

(a) Find the velocity vector for the particle at any time ¢, 0< < 2n.

(b) For what values of ¢ is the particle at rest?

(c) Write an equation for the path of the particle in terms of x and y that does not
involve trigonometric functions.

(d) Sketch the path of the particle in the xy-plane below.

y
A
. . : . . >

| |
| |
| |
[
| |
| |
| |
| |
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1987 BC5
Solution

(@) x=sin(¢), y =cos(2¢)

dx dy )
— =cos(?),— =—-2sin(2¢
% 0] & (21)

v = (cos(t),—2sin(2¢))
or
v = cos(£)i + (=2sin(2¢)) j

(b) v=0=cos(s)=0and —2sin(2t)=0
Therefore cos(?) =0 and —4sin(z)cos(¢) = 0. The only choice is cos(¢) =0.
T 37m

Therefore the particle is at rest when ¢ = 25
(¢) x*=sin’(t), y=cos’(t)=1-2sin’(7)

y =1-2x"
(d)

-------------
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1987 BC6

Let f be a continuous function with domain x >0 and let F' be the function given by

F(x)= lef(t) dt for x> 0. Suppose that F'(ab)=F(a)+ f(b) forall a>0 and b>0
and that F'(1)=3.

(a) Find f(1).
(b) Prove that aF'(ax) = F'(x) for every positive constant a.

(c) Use the results from parts (a) and (b) to find f(x). Justify your answer.
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1987 BC6

Solution
(@ F'(x)=f(x)
F'()=f(1)=3

(b) F(ax)=F(a)+F(x)

aF'(ax) = %F(ax) :%(F(a) +F(x))=F'(x)

(¢) Forall a>0, aF'(ax)=F'(x). Letx=1.

aF'(a)=F'(1)=3

F'(a):g

Replace a with x:

F'(x)z%

f)=F(x)=2

X
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1988 AB1

Let f* be the function given by f(x)= Jvxt—16x? .
(a) Find the domain of f.

(b) Describe the symmetry, if any, of the graph of f.
(¢) Find f'(x).

(d) Find the slope of the line normal to the graph of f at x =5.
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1988 AB1

Solution

(@) x*-16x*>0
2(x*=16)20

x2>16 0orx=0

The domain of f is all x satisfying |x| 24 o0rx=0.

(b) The graph of f is symmetric about the y-axis because f(—x)= f(x).

) f(x)= %(x“ —16x%) 2 (4x* -32x)

_ 2x(x*-8)

_|x|\/x2—16

o 2.125-16-5
@ f(s)_\/625—16-25
170
s
34
K}

Therefore the slope of the normal line is m = YR
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1988 AB2

A particle moves along the x-axis so that its velocity at any time ¢# >0 is given by
v(t) =1-sin(2mt).

(a) Find the acceleration a(¢) of the particle at any time ¢.
(b) Find all values of ¢, 0 <¢ <2, for which the particle is at rest.

(c) Find the position x(¢) of the particle at any time ¢ if x(0) =0.
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1988 AB2
Solution

@ a®)=V(1)

=—2mcos(2mnt)

(b) v(t)=0 gives 1-sin(2nt) =0 or 1 =sin(2nt). Therefore 2nt = g +2km

where £ =0,%£1,42,..., and 0 <¢<2. The two solutions are
15

t=—,=>.

4 4

) x(t)= j v(t)dt = j (1-sin(2xt))dr =1 + z—lncos(zm) +C

2(0)=0=0=0+30 ¢
21

c-—L
27

Therefore x(¢) =1+ 1 cos(2mt) — 1
27 271
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1988 AB3

Let R be the region in the first quadrant enclosed by the hyperbola x? - y2 =9, the
x-axis, and the line x = 5.

(a) Find the volume of the solid generated by revolving R about the x-axis.

(b) Set up, but do not integrate, an integral expression in terms of a single variable for
the volume of the solid generated when R is revolved about the line x =—1.
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1988 AB3
Solution

(a) Disks:
S)
Volume =nj3 (x*=9)dx

:n(lf —9xj

3 3

:n((u—5—45j—(9—27)J:ﬂn
3 3

5

or

Shells:

4
Volume = 27‘EJ (5—\/9+y2 )ydy

0

5, 1 !
= 271(—)/2 ——(9+y2)3/2j
273 .
= 2n(40—12—5+£j :ﬁn
3 3) 3

(b) Shells:
5
Volume = 27:-[3 (x+1)ydx

5
=2nI3 (x+1) X2 =9dx

or

Disks:
Volume = nj(j(% —(x+ 1)2 ) dy

=nj§(36—(\/9+y2 +1)2)dy
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1988 AB4

Let f be the function defined by f(x)=2xe ™ for all real numbers x.

(a)
(b)

(c)
(d)

Write an equation of the horizontal asymptote for the graph of f.

Find the x-coordinate of each critical point of /. For each such x, determine
whether f(x) is a relative maximum, a relative minimum, or neither.

For what values of x is the graph of f concave down?

Using the results found in parts (a), (b), and (c), sketch the graph of y = f(x) on
the axes provided below.

»
-
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1988 AB4
Solution

(@ y=0

(b)  f(x)= 2(—xe_x T e_x) = 2e 7 (1-x)
There is a critical point at x = 1 where f(x) has a relative maximum since
f'(x)>0 for x<1 and f'(x)<0 for x>1.

©) [f'(x)=2e"(-)+ (2 )(1-x)=2¢"(x-2)

The graph of f is concave down when:

2¢ " (x-2)<0
x—2<0
x<2
(d)
Yy
A
3_
2_
1_
T T T T T T T T =-x
-4 -3 2 -1 1 2 3 4
2_
3_
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1988 ABS

X

X +2

for 0<x<+/6 ?

Let R be the region in the first quadrant under the graph of y =

(a) Find the area of R.

(b) Ifthe line x =k divides R into two regions of equal area, what is the value of £?

on the interval 0 < x < \/6 ?

(c) What is the average value of y=—
x“+2
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1988 ABS

Solution
Jo X
(a) Area = J 5 dx
0 x +2
| J6
=—In(x* +2)
2 0

=lln8—lln2=ln2
2 2

1 k X

(b) —ln2:J 3 dx
2 0 x“+2

k

1. 2
=—In(x"+2
5 (x"+2)

0

=11n(k2+2)—11n2

2 2

1, 1 1
—In(k*+2)==In2+—=In2=1n2
2 2 2

In(k* +2)=In4

Therefore k> +2 =4 and so k = \/5 .

1 6 X 1
(c) Average value = J dx=—In2

\/6—0 0 x> 42 \/g
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1988 AB6

Let f be a differentiable function, defined for all real numbers x, with the following
properties.

1 f'x)= ax* +bx
Gi) f'(1)=6 and f"(1)=18
(iii) jlz () dx=18

Find f(x). Show your work.
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1988 AB6
Solution

Differentiating the expression in (i) gives f"(x)=2ax+b
Let x = 1. Then from (ii),

a+b=f(1)=6
2a+b=f"(1)=18

Solving these two equations gives @ =12 and b=—6. Therefore f'(x)= 12x? —6x and
hence

f(x) =4x3-3x*+C
Using (iii) gives

2
18 :L (4x> =3x% + C) dx

=(x4 —x +Cx)|12

=(16-8+2C)—(1-1+C)=8+C

Hence C =10 and f(x)=4x>—3x%+10.
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1988 BC1
Let f be the function defined by f(x)= (x2 —3)e” for all real numbers x.

(a) For what values of x is f increasing?
(b) Find the x-coordinate of each point of inflection of f.

(c) Find the x- and y-coordinates of the point, if any, where f(x) attains its absolute
minimum.
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1988 BC1
Solution

(@) f'(x)=(x?=3)e" +2xe" =" (x+3)(x-1)
f'(x)=0 for x=-3,1.

A N
f inc |dec |inc
-3 1

Therefore f is increasing for x < -3 and x>1.

b)  f'(x)=(x?=3+2x)e" +(2x+2)e" =" (x> +4x-1)
—4++20
2

f"(x)=0 forx=

The points of inflection occur at x =-2=+ NER

(¢)  f(x) hasarelative minimum at x =1; f(1)=—2e.

f(x) has arelative maximum at x =-3 and limit f(x)=0
X—>—00
So, f has an absolute minimum at x =1, y = —2e.

y
A

/ y=(x*-3)e"

\ > X

(1,-2e)
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1988 BC2
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Let R be the shaded region between the graphs of y = 3 and y = 3 Y from x=1 to
X x“+1

x =+/3, as shown in the figure above.

(a) Find the area of R.

(b) Find the volume of the solid generated by revolving R about the y-axis.
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Solution

NE)
(a) Area —J ( jdx
1 X x +1

3lnx——ln X +1)j

V3

1

(3ln\/§——ln4j (O—%ln2j

3——ln4+§ln2
2 2

3
2
2n
2

l\JIw

B 3 3x
(b) Volume =2TEJ x(—— jdx

1 X x2+1
B
=2nj 5 dx
1 x +1

= (6marctan x)| I/g

= 6m(arctan V3 —arctan 1)

_67{3_2]
3 4

v
2
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1988 BC3

% []
A
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The figure above represents an observer at point 4 watching balloon B as it rises from

point C. The balloon is rising at a constant rate of 3 meters per second and the observer is
100 meters from point C.

(a) Find the rate of change in x at the instant when y = 50.
(b) Find the rate of change in the area of right triangle BCA at the instant when y =50.

(¢) Find the rate of change in 0 at the instant when y =50.
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1988 BC3
Solution

(@) x?=y%+100°

PR L
dt dt
At y=50, x=5045 and & _3:50 35 m/s
dt 505 5
dx 2y dy
Explicitly: x=+/y 21100% = —_——
i 2«/y2+1002 dt
3)
\/1250
35
5
(b) A:@:S()y
A 50 5032150 ms
dt~ dt

Y
tan = —
(©) an 10

> do 1 dy 3

sec”—=——=—
dt 100 dtr 100

@=icosze

dr 100

2
At y=50, cosO= 100 and therefore 49 32 -2 radians/sec.
5045 dr 100\ 5) 125
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1988 BC4

00 k k
Determine all values of x for which the series z X converges. Justify your
im0 In(k +2)

answer.
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1988 BC4

Solution

2k+1xk+1
k—o0 2k xk k—o ln(k + 3)

In(k +2)
By L’Hopital’s Rule,

1
m In(k +2) = lim k+2 _ lim ﬂ:1 and so lim |2x|ln(k—+2):|2x|.
k—o In(k+3) ko 1 k—o k+2 k=o' In(k+3)
k+3

22 <1 & xf< =
2
Therefore the series converges at least for —% <x< % . Now check the endpoints.

At x= 1 , the series becomes Z _ which diverges by comparison with the
o In(k +2)

harmonic series Z B
k=0 k+2

1 . Z (=DF
At x = ——, the series becomes Z _—

which converges by the alternating series
i—o In(k +2)

test.

Therefore the series converges for —% <x <%
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1988 BCS

o

The base of a solid S is the shaded region in the first quadrant enclosed by the coordinate
axes and the graph of y =1-sinx, as shown in the figure above. For each x, the cross

section of § perpendicular to the x-axis at the point (x,0) is an isosceles right triangle
whose hypotenuse lies in the xy-plane.

(a) Find the area of the triangle as a function of x.

(b) Find the volume of S.
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Solution

(a) 2b*=(1-sinx)?

b? =%(1—sinx)2 b
L
Area:lb2 S

A(x) = i(l —sinx)?

TE/2 1
(b) Volume =J Z(1—sinx)2 dx
0

1 /2 1
:—J (1—2sinx+—(1—cos2x)jdx
4 2

0

1 11 /2
=—| x+2cosx+—x——sin2x
4 2 4

(55

3n 1

16 2

0
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1988 BC6

Let f be a differentiable function defined for all x>0 such that f(0)=5and f(3)=-1.
Suppose that for any number b > 0, the average value of f(x) on the interval 0 <x<b
ACRPAC)

5 .

. 3
(a) Find j o (.

(b) Prove that f"(x) _ S5 il x> 0.
X

(c) Using part (b), find f(x).
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Solution

13 FO)+f3) 5-1
(a) gjof(x)dx: ==

Therefore .[(j f(x)dx=6

f(0)+f(x) _ forallx>0

(b) j S@)di =
[ r@ar =Ex+§xf(x)
Differentiating both sides with respect to x gives

F@ =245 f@+ 3 ')
2f<x)—s+f(x)+xf'<x>

f(x)= J=3 ) , forallx >0
(c) @ = = . Separating variables gives by = @ .
dx X y=5 x

In(y—5)=In(x)+InC
y-5=Cx
Since f(3)=-1, C=-2 andso f(x)=5-2x.

or

[T

The integrating factor is e Multlplylng both sides by this factor and

antidifferentiating gives

1 5 5
= [-Zdx=2+C
y—=] 5

X

y=5+Cx
Since f(3)=-1, C=-2 andso f(x)=5-2x.
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